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Abstract. Ergodic optimization for beta-transformations Tβ(x) = βx (mod 1) is developed.
If β > 1 is a beta-number, or such that the orbit-closure of 1 is not minimal, we show that
the Typically Periodic Optimization Conjecture holds, establishing that there exists an open
dense set of Hölder continuous functions such that for each function in this set, there exists a
unique maximizing measure, this measure is supported on a periodic orbit, and the periodic
locking property holds. It follows that typical periodic optimization is typical among the class
of beta-transformations: it holds for a set of parameters β > 1 that is residual, and has full
Lebesgue measure. A novelty of the approach is that a perturbation argument in parameter
space is used, and a locally Hölder version of the Mañé lemma is established.
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1. Introduction

Dynamical properties of beta-transformations, self-maps of the unit interval of the form
Tβ(x) = βx (mod 1), for β > 1, have been studied since the foundational papers of Rényi
[Re57] and Parry [Pa60]. There are close connections with aspects of number theory, in view
of the link between Tβ-orbits and beta-expansions of the form ε1/β + ε2/β

2 + ε3/β
3 + · · · (see

e.g. [AB07, Be86, CK04, DK02, DK03, FS92, Ka15, Sc80, Si03]), with symbolic dynamics,
where the beta-shift (see e.g. [AJ09, Bl89, IT74, Sc97, Si76]) serves as a shift-invariant model
for the dynamics of Tβ, and with ergodic theory (see e.g. [Ho78, Sm73, Wa78]).

In this paper we initiate a study of ergodic optimization (see e.g. [Boc18, Je06, Je19] for
overviews of this area) in the context of beta-transformations. In other words, for a given
β > 1, and a given (bounded, Borel measurable) real-valued function ψ, we seek to understand

those x that maximize the time average lim
n→+∞

1
n

n−1∑
i=0

ψ
(
T iβ(x)

)
, and those Tβ-invariant (Borel
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probability) measures µ that maximize the space average
∫
ψ dµ. Since its beginnings in the

1990s, a motivating theme in ergodic optimization has been the prospect that, for sufficiently
regular functions ψ, the maximizing orbit (or measure) is typically periodic (see e.g. [Bou00,
CLT01, HO96a, HO96b, Je96, Je00, YH99]). A result of this kind had been conjectured by
Yuan and Hunt [YH99, Conjecture 1.1] for dynamical systems that are Axiom A or uniformly
expanding, and for functions ψ that are Lipschitz or C1 smooth. This conjecture generated
a sustained period of work over the following years, and was eventually proved by Contreras
[Co16], who showed that if the dynamical system is an open (distance-)expanding map, then
there is an open and dense set of Lipschitz functions whose maximizing measure is unique
and periodic. Analogous results have subsequently been established in related settings (see
[HLMXZ19, LZ25]), and more broadly the Typically Periodic Optimization (TPO) Conjecture
(see [Je19]) envisages that this can be further extended to other dynamical systems1.

Although beta-transformations share some features of open expanding maps, the setting
has a number of technical challenges: most notably Tβ is neither continuous nor open, its
space of invariant probability measures need not be weak∗ compact, and the corresponding
beta-shift is in general not of finite type. Nevertheless, in this note we are able to develop a
satisfactory theory of ergodic optimization for beta-transformations (and hence, the elements
of a more general theory of ergodic optimization for non-continuous dynamical systems), and
in particular make progress towards proving a TPO Conjecture for beta-transformations. To
describe this in more detail, let us fix some terminology and notation.

For a general Borel measurable map T : X → X on a compact metric space X, letM(X,T )
denote the set of T -invariant Borel probability measures onX, and define the maximum ergodic
average of a bounded Borel measurable function ψ : X → R to be

Q(T, ψ) := sup
µ∈M(X,T )

∫
ψ dµ. (1.1)

Any measure µ ∈ M(X,T ) that attains the supremum in (1.1) is called a (T, ψ)-maximizing
measure, or simply a ψ-maximizing measure, and the set of such measures is denoted by

Mmax(T, ψ) :=

{
µ ∈M(X,T ) :

∫
ψ dµ = Q(T, ψ)

}
. (1.2)

The orbit of a point x ∈ X is called a maximizing orbit for (T, ψ) if

lim
n→+∞

1

n

n−1∑
i=0

ψ
(
T i(x)

)
= Q(T, ψ).

Setting I := [0, 1], for each β > 1 the beta-transformation Tβ : I → I is defined by

Tβ(x) := βx− bβxc, x ∈ I,
where bβxc := max{n ∈ Z : n 6 βx}. In order to develop ergodic optimization in the
setting of beta-transformations, an analysis of the set M(I, Tβ) of Tβ-invariant measures,
going somewhat beyond the existing literature, is first required. For this, it is convenient to
consider the upper beta-transformation2 Uβ : I → I, defined by Uβ(0) := 0 and

Uβ(x) := βx− bβxc′, x ∈ (0, 1],

1A parallel programme, inspired by [HO96a, HO96b], envisages that, for suitable dynamical systems and
function spaces, periodic optimization is typical in a probabilistic sense; for progress towards this, see [BZ16,
DLZ24].

2Also known as the left-continuous beta-transformation, cf. [KS12, Definition 2.4].
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where bβxc′ := max{n ∈ Z : n < βx}. Both Tβ and Uβ have a countable infinity of periodic
orbits, and these orbits coincide, except that the orbit of 1 under Uβ (referred to as the critical
orbit) is periodic for certain values of β (so-called simple beta-numbers) while for such β the
Tβ-orbit of 1 is pre-fixed, eventually landing on the point 0. Each periodic orbit supports a
unique invariant probability measure, and such periodic measures are weak∗ dense in both
M(I, Tβ) and M(I, Uβ) (see [Si76] and Section 4). The set M(I, Uβ) is weak∗ compact, and
equal toM(I, Tβ) provided β is not a simple beta-number; if β is a simple beta-number then
M(I, Tβ) is not weak∗ compact, but is dense in M(I, Uβ).3

In order to describe our results towards the TPO Conjecture for beta-transformations, let
C(I) denote the set of continuous real-valued functions on I, define

P(β) ⊆ C(I)

to be the set of those φ ∈ C(I) with a (Uβ, φ)-maximizing measure supported on a periodic
orbit of Uβ, and for α ∈ (0, 1] define

Pα(β) := P(β) ∩ C0,α(I),

where C0,α(I) denotes the set of α-Hölder functions on I, equipped with its usual Banach
norm (see Section 2). If φ ∈ Pα(β) satisfies cardMmax(Uβ, φ) = 1 and Mmax(Uβ, φ) =
Mmax(Uβ, ψ) for all ψ ∈ C0,α(I) sufficiently close to φ in C0,α(I), we say that φ has the
(periodic) locking property4 in C0,α(I), and define the corresponding (periodic) locking set to
be the open subset Lockα(β) ⊆ C0,α(I) given by

Lockα(β) :=
{
φ ∈Pα(β) : φ satisfies the locking property in C0,α(I)

}
.

Following Parry [Pa60], the value β > 1 is said to be a beta-number if the critical orbit
is preperiodic (i.e., either periodic or strictly preperiodic). We are able to prove that, for
beta-numbers, the following version of the TPO Conjecture does hold:

Theorem 1.1. For a beta-number β > 1 and any α ∈ (0, 1], the set Lockα(β) is an open and
dense subset of C0,α(I).

To make progress on the TPO Conjecture beyond the class of beta-numbers, it is useful to
divide the values β > 1 into two categories, by defining β to be emergent5 if the closure of the
Uβ-orbit of 1 is minimal (i.e., it contains no proper closed subset E satisfying Uβ(E) = E).
We can then prove the TPO Conjecture for all non-emergent values of β:

Theorem 1.2. If β > 1 is non-emergent and α ∈ (0, 1], then Lockα(β) is an open and dense
subset of C0,α(I).

In fact it can be shown that the set of emergent numbers is small, being both topologically
meagre and of zero Lebesgue measure, so we deduce that typical periodic optimization holds
for typical values of β, in the following sense.

3If β is not a simple beta-number then ergodic optimization, and in particular the TPO problem, is identical
for Tβ and Uβ . For simple beta-numbers, the lack of compactness of M(I, Tβ), and consequent absence of
a maximizing measure for certain continuous functions (indeed such functions constitute a non-empty open
subset of C0,α(I), cf. Remark A.3) motivates the formulation of ergodic optimization in terms of Uβ .

4The terminology follows [Boc19, BZ15], and is somewhat inspired by [Bou00, Je00].
5See Section 6 for further details about, and alternative characterisations of, the set of emergent numbers:

the terminology reflects the fact that, for an emergent β > 1, the symbolic dynamics corresponding to the
critical orbit is essentially different from that witnessed in beta-shifts with parameter strictly smaller than β,
so is considered to have newly emerged at this particular β (cf. Remark 6.2).
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Corollary 1.3. Fix α ∈ (0, 1]. For a set of values β > 1 which is both residual and of full
Lebesgue measure, the periodic locking set Lockα(β) is an open and dense subset of C0,α(I).

Note that Theorem 1.2 is complementary to Theorem 1.1, rather than strictly stronger,
since simple beta-numbers (where 1 is periodic under Uβ) are emergent. More generally, the
emergent values of β are less amenable to analysis, and in order to state a result concerning
them we first introduce the set

Critα(β) :=
{
φ ∈ C0,α(I) : the orbit of 1 is a maximizing orbit for (Uβ, φ)

}
,

reflecting the fact that the difficulty concerns the critical orbit.
For emergent β, it turns out that the space of α-Hölder functions can be covered by Critα(β)

and the closure of Lockα(β):

Theorem 1.4. If β > 1 is emergent and α ∈ (0, 1], then C0,α(I) is equal to the union of
Critα(β) and the closure of the open set Lockα(β).

A key feature of the proofs of the above theorems is a perturbation argument in the space
of parameters β > 1, exploiting the fact that the dynamics for a given β is approximable
by sub-systems corresponding to simple beta-numbers in (1, β). A means of facilitating this
argument, and a result of independent interest, is a Mañé lemma for beta-transformations
(see Theorem 5.9, and cf. Theorem 5.10). Results of this kind have been a hallmark of ergodic
optimization since [Bou00, CLT01], and assert that cohomology classes of suitably regular
functions contain versions (so-called revealed versions, cf. [Je19]) for which the maximizing
measures are readily apparent; in favourable settings the revealed version inherits the modulus
of continuity of the original function (see e.g. [Bou00, Bou01, BJ02, CLT01, LZ25]). Our
Mañé lemma is for Hölder continuous functions, and asserts the existence of two revealed
versions, both of which enjoy one-sided continuity (one version is left-continuous, the other
is right-continuous): the critical orbit introduces discontinuities, but away from this orbit
both versions are locally Hölder. The method for proving the Mañé lemma is to some extent
familiar, via the fixed point of a nonlinear operator analogous to that introduced by Bousch
[Bou00], though the proof of the existence of this fixed point requires new techniques involving
pointwise limits. The fixed point is a Borel measurable function that in general may not be
left-continuous or right-continuous, but has one-sided limits everywhere, and is locally Hölder
away from the critical orbit: this fixed point can then be regularised, yielding both a left-
continuous and a right-continuous sub-action, allowing the definition of left-continuous and
right-continuous revealed versions. In particular this allows us to establish Theorem 5.10,
asserting that any maximizing measure must be supported within the set of maxima of these
revealed versions.

The other main ingredient for proving Theorems 1.1, 1.2, and 1.4, is a set Rα(β) of α-
Hölder functions enjoying good restrictions (in terms of membership of periodic locking sets,
see Definition 7.7) to various Cantor subsets on which Tβ acts as an open expanding map: by
exploiting Contreras’ TPO theorem [Co16] for such maps, we are able to prove (see Propo-
sition 7.8) that Rα(β) is dense in C0,α(I). This, together with Theorem 5.10, and a finer
analysis of Critα(β) in the case of emergent β, yields a proof of Theorems 1.1, 1.2, and 1.4.
Note in particular that, by contrast with [Co16, HLMXZ19, LZ25], the method for proving
our TPO theorems does not make explicit use of shadowing (indeed the shadowing property
does not hold for beta-transformations, cf. [BGS25]).
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Organisation of the paper. Section 2 collects together some notation used throughout the
article. In Section 3 we establish various preliminary results about beta-transformations, beta-
expansions, and the closely related beta-shifts, being particularly careful to distinguish the
commonalities and differences between these systems. In so doing, we take the opportunity
to clarify and correct some aspects of the published literature on beta-shifts. In Section 4, we
prove the existence of (Uβ, ψ)-maximizing measures for all values β > 1, and all continuous
functions ψ; we also introduce the notion of limit-maximizing measure, and establish the
equivalence between maximizing measures for the upper beta-transformation and the beta-
shift, and limit-maximizing measures for the beta-transformation. In Section 5 we establish a
Mañé lemma for beta-transformations, and develop a revelation theorem as its consequence.
In Section 6 the notion of emergent numbers is introduced, and a number of characterisations
are proved. In Section 7, we establish the main theorems on typical periodic optimization. In
Appendix A, we prove a useful auxiliary result, that Lockα(β) is an open and dense subset of
Pα(β).

Acknowledgments. The authors would like to thank Shaobo Gan for suggesting the study
of ergodic optimization for beta-transformations. Zelai Hao, Yinying Huang, and Zhiqiang Li
were partially supported by NSFC Nos. 12471083, 12101017, 12090010, and 12090015.

2. Notation

We follow the convention that N := {1, 2, 3, . . . } and N0 := {0} ∪ N. For x ∈ R, we define
the floor function bxc as the largest integer 6 x, and the strict floor function bxc′ as the
largest integer < x. The cardinality of a set A is denoted by cardA.

The collection of all maps from a set X to a set Y is denoted by Y X . The constant zero
function 0 : X → R maps each x ∈ X to 0.

Let (X, d) be a metric space. For subsets A,B ⊆ X, we set d(A,B) := inf{d(x, y) : x ∈
A, y ∈ B}, and d(A, x) = d(x,A) := d(A, {x}) for each x ∈ X. For each subset Y ⊆ X, we
denote the diameter of Y by diam(Y ) := sup{d(x, y) : x, y ∈ Y }, for each ε > 0, denote the
ε-neighbourhood of Y (in X) by B(Y, ε) := {x ∈ X : d(x, Y ) < ε}, and the closure of B(Y, ε)
by B(Y, ε). For each y ∈ X and each ε > 0, write B(y, ε) := B({y}, ε).

Let C(X) denote the space of continuous functions from X to R, and P(X) the set of Borel
probability measures on X. For φ : X → R, we write ‖φ‖∞,X := sup{|φ(x)| : x ∈ X}.

Let (X, d) be a compact metric space and α ∈ (0, 1]. A function φ : X → R is called
α-Hölder if

|φ|α,X := sup{|φ(x)− φ(y)|/d(x, y)α : x, y ∈ X, x 6= y} < +∞.

Denote by C0,α(X) the set of real-valued α-Hölder functions φ on X, equipped with the Hölder
norm ‖ · ‖α,X given by

‖φ‖α,X := |φ|α,X + ‖φ‖∞,X ,
which makes C0,α(X) a Banach space. We will omit the subscript X whenever X = [0, 1].

For a Borel measurable map T : X → X, let M(X,T ) denote the set of T -invariant Borel
probability measures on X.

For a map T : X → X and a real-valued function φ : X → R, define

STn φ(x) :=
n−1∑
i=0

φ
(
T i(x)

)
for x ∈ X,n ∈ N.
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In the particular case where T is some beta-transformation Tβ, we will write Snφ = S
Tβ
n φ

whenever there is no possibility of confusion. Note that by definition ST0 φ ≡ 0.
We write I := [0, 1]. In this paper we equip every subset of I with the usual Euclidean

metric, denoted by d.
For a non-empty set A, the sequence space AN = {{an}+∞n=1 : an ∈ A for all n ∈ N}

will be equipped with the product topology. For t > 1, the metric dt on AN defined by
dt({an}+∞n=1, {bn}+∞n=1) := t−p, where p is the smallest positive integer with ap 6= bp, and
dt({an}+∞n=1, {bn}+∞n=1) := 0 if an = bn for all n ∈ N, generates the product topology on AN.

Infinite sequences will be written as A = a1a2 . . . = {an}n∈N, and finite sequences as
B = b1b2 . . . bk = {bn}kn=1. Denote (b1b2 . . . bk)

∞ := b1b2 . . . bkb1b2 . . . bkb1b2 . . . and write
(b1b2 . . . bk)

m for the first km terms of (b1b2 . . . bk)
∞, for m ∈ N.

If A ⊆ R is equipped with the order induced by R, and A,B ∈ AN, write A ≺ B when A
has strictly smaller lexicographic order than B, i.e., ai = bi for 1 6 i 6 n − 1, and an < bn,
for some n ∈ N. Write A � B to mean A ≺ B or A = B.

Define the (left) shift map
σ : AN → AN

by σ(A) := {an+1}n∈N for all A = {an}n∈N ∈ AN.
Let X be a topological space. For a map T : X → X and x ∈ X, denote the orbit of x by

OT (x) := {T n(x) : n ∈ N0}.
In this paper, we write Oβ(x) := OTβ(x) and O′β(x) := OUβ(x) if it does not cause confusion.
If there exists n ∈ N with T n(x) = x, then O(x) is called a periodic orbit and x a periodic
point. We denote the set of periodic points of T by Per(T ). There is a unique T -invariant
Borel probability measure µO supported on a periodic orbit O, given by

µO :=
1

cardO
∑
x∈O

δx.

For a topological space X, a point a ∈ X, and a function f : X → R, we write limy→a f(y) =
x+ if limy→a f(y) = x and there exists a neighbourhood U of a such that f |Ur{a} > x.
We define limy→a f(y) = x− similarly. We say that a sequence of real numbers {xn}n∈N
converges to a real number x+ (written as limn→+∞ xn = x+) if xn > x for each n ∈ N
and limn→+∞ xn = x. Moreover, for a real number a, and a function g : R → R, we denote
limy↘a g(y) := limy→a g|(a,+∞)(y), that is, the right-hand limit of g at a. We denote the left-
hand limit limy↗a g(y) := limy→a g|(−∞,a)(y) similarly. More generally, if we replace R by a
topological well-ordered set Y , we give the definitions and notations above similarly.

Fix a constant α ∈ (0, 1], a compact metric space X, and a measurable map T : X → X.
We define subsets

Pα(T ) and Lockα(T )

of the set C0,α(X) as follows: Pα(T ) is the set of those φ ∈ C0,α(X) with a φ-maximizing mea-
sure supported on a periodic orbit of T . If a function φ ∈Pα(T ) satisfies cardMmax(T, φ) = 1
andMmax(T, φ) =Mmax(T, ψ) for all ψ ∈ C0,α(X) sufficiently close to φ in C0,α(X), we say
that φ has the (periodic) locking property in C0,α(X). The set Lockα(T ) is defined to consist
of all φ ∈Pα(T ) satisfying the (periodic) locking property in C0,α(X).

3. Beta-transformations

3.1. Beta-transformations, beta-expansions, and beta-shifts. Here we recall the def-
initions and basic properties of beta-transformations, beta-expansions, and beta-shifts, with
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a particular focus (see Definition 3.10) on a classification according to the behaviour of the
orbit of the point 1.

Definition 3.1 (Beta-transformations). Given a real number β > 1, the beta-transform-
ation Tβ : I → I is defined by

Tβ(x) := βx− bβxc, x ∈ I. (3.1)

Recall that bxc′ = max{n ∈ Z : n < x} for x ∈ R. The upper beta-transformation Uβ : I → I
is defined by Uβ(0) := 0 and

Uβ(x) := βx− bβxc′, x ∈ I r {0}. (3.2)

Note that Kalle and Steiner [KS12, Definition 2.4] refer to the upper beta-transformation as
the left-continuous beta-transformation.

Definition 3.2 (Beta-expansions). Given a real number β > 1, write

B := {0, 1, . . . , bβc},

and define the β-expansion of x ∈ I to be the sequence

ε(x, β) = {εn(x, β)}n∈N ∈ BN

given by

εn(x, β) :=
⌊
βT n−1β (x)

⌋
for all n ∈ N, (3.3)

and define the upper β-expansion of x ∈ I to be the sequence

ε∗(x, β) = {ε∗n(x, β)}n∈N ∈ BN

given by

ε∗n(x, β) :=
⌊
βUn−1

β (x)
⌋′

for all n ∈ N. (3.4)

Remark 3.3. For a given β > 1, the beta-transformation and upper beta-transformation are
related by

Uβ(x) = lim sup
y→x

Tβ(y).

The set Dβ of points of discontinuity for Tβ is

Dβ := T−1β (0) r {0} = U−1β (1) = {j/β : j ∈ Z} ∩ (0, 1], (3.5)

and this is precisely the set of points at which Tβ and Uβ differ, with Tβ(x) = 0 and Uβ(x) = 1
for all x ∈ Dβ. Note that Blanchard [Bl89, p. 136] refers to the upper β-expansion ε∗(x, β) as
a kind of incorrect β-expansion.

Lemma 3.4. If β > 1, n ∈ N, a ∈ [0, 1), and b ∈ (0, 1], then the following statements are
true:

(i) limx↘a T
n
β (x) = T nβ (a)+ and limx↗b U

n
β (x) = Un

β (b)−.

(ii) εn(·, β) is right-continuous on [0, 1) and ε∗n(·, β) is left-continuous on (0, 1].

(iii) T nβ (0) = εn(0, β) = Un
β (0) = ε∗n(0, β) = 0.

(iv) limx↗b T
n
β (x) = Un

β (b)− and limx↗b εn(x, β) = ε∗n(b, β).
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Proof. Define functions f, g1, g2 : R→ R by

f(u) := βu, g1(u) := u− buc, g2(u) := u− buc′.
Then f is continuous and strictly increasing, and for each u ∈ R, we have

lim
x↗u

g1(x) = g2(u)−, lim
x↘u

g1(x) = g1(u)+, lim
x↗u

g2(x) = g2(u)−. (3.6)

(i) By (3.1), we have Tβ = g1 ◦ f and T nβ = g1 ◦ f ◦ T n−1β . By (3.6), limx↘a Tβ(x) = Tβ(a)+.

Assume that limx↘a T
n
β (x) = T nβ (a)+ when n = k. When n = k + 1,

lim
x↘a

T k+1
β (x) = lim

x↘a
Tβ
(
T kβ (x)

)
= T k+1

β (a)+.

By induction, for all n ∈ N, limx↘a T
n
β (x) = T nβ (a)+. We can prove limx↗b U

n
β (x) = Un

β (b)−

similarly.
(ii) By (3.3) and (3.4), we have εn(·, β) = b·c ◦ f ◦T n−1β and ε∗n(·, β) = b·c′ ◦ f ◦Un−1

β . Hence
(ii) follows from (i) and the fact that b·c is right-continuous and b·c′ is left-continuous.

(iii) follows immediately from (3.1), (3.3), (3.4), and Uβ(0) = 0.

(iv) Since Tβ = g1 ◦ f and Uβ = g2 ◦ f (see (3.1) and (3.2)), by (3.6),

lim
x↗b

Tβ(x) = lim
x↗b

(g1 ◦ f)(x) = lim
u↗f(b)

g1(u) = (g2 ◦ f)(b)− = Uβ(b)−.

Assume that limx↗b T
n
β (x) = Un

β (b)− holds for n = k. When n = k + 1,

lim
x↗b

T k+1
β (x) = lim

x↗b
Tβ
(
T kβ (x)

)
= lim

u↗Ukβ (b)
Tβ(u) = Uβ

(
Uk
β (b)

)−
= Uk+1

β (b)−.

Hence the first part of (iv) follows by induction.
By (3.3) and the first part of (iv),

lim
x↗b

εn(x, β) = lim
x↗b

(b·c ◦ f)
(
T n−1β (x)

)
= lim

u↗Un−1
β (b)

(b·c ◦ f)(u) = lim
v↗f(Un−1

β (b))
bvc.

By the fact that limx↗ubxc = buc′ for all u ∈ R and (3.4),

lim
v↗f(Un−1

β (b))
bvc =

⌊
βUn−1

β (b))
⌋′

= ε∗n(b, β).

The second part of (iv) follows from the above two equalities. �

Lemma 3.5. If x ∈ I, β > 1, and n ∈ N, then the following statements are true:

(i) limγ↘β T
n
γ (x) = T nβ (x)+ and limγ↗β U

n
β (x) = Un

β (x)−.

(ii) εn(x, ·) is right-continuous and ε∗n(x, ·) is left-continuous.

(iii) limγ↗β T
n
γ (x) = Un

β (x)− and limγ↗β εn(x, γ) = ε∗n(x, β).

Proof. Without loss of generality we can assume that x 6= 0 (see Lemma 3.4 (iii)). Define
functions f, g1, g2 : R→ R by

f(u) := xu, g1(u) := u− buc, g2(u) := u− buc′.
Note that f is continuous and strictly increasing and

lim
x↗u

g1(x) = g2(u)−, lim
x↘u

g1(x) = g1(u)+, lim
x↗u

g2(x) = g2(u)−. (3.7)

(i) By (3.1), we have Tβ(x) = (g1◦f)(β) and T nβ (x) = g1
(
βT n−1β (x)

)
. By (3.7), limγ↘β Tγ(x) =

Tβ(x)+. Since β > 1, if limγ↘β T
k−1
γ (x) = T k−1β (x)+ for some k ∈ N, we have limγ↘β γT

k−1
γ (x) =
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βT k−1β (x)+. Then by (3.7), limγ↘β T
k
γ (x) = T kβ (x)+. By induction, for each β > 1, limγ↘β T

n
γ (x) =

T nβ (x)+. Similarly, we have limγ↗β U
n
β (x) = Un

β (x)−.

(ii) By (i) and β > 1, we have limγ↘β γT
n−1
γ (x) = βT n−1β (x)+ and limγ↗β γU

n−1
γ (x) =

Un−1
β (x)−. Since b·c is right-continuous and b·c′ is left-continuous, by (3.3) and (3.4), (ii)

follows.

(iii) Since Tβ(x) = (g1 ◦ f)(β) and Uβ(x) = (g2 ◦ f)(β), by (3.7),

lim
γ↗β

Tγ(x) = lim
γ↗β

g1(γx) = lim
u↗f(β)

g1(u) = g2(f(β))− = Uβ(a)−.

Assume that limγ↗β T
n
γ (x) = Un

β (x)− holds for n = k. When n = k + 1, by (3.7),

lim
γ↗β

T k+1
γ (x) = lim

γ↗β
g1
(
γT kγ (x)

)
= lim

u↗βUkβ (x)
g1(u) = g2

(
βUk

β (x)
)−

= Uk+1
β (x)−.

Hence the first part of (iii) follows from induction.
By (3.3), (3.4), the first part of (iii), and the fact that limx↗ubxc = buc′ for all u ∈ R,

lim
γ↗β

εn(x, γ) = lim
γ↗β

⌊
γT n−1γ (x)

⌋
= lim

u↗βUn−1
β (x)

buc =
⌊
βUn−1

β (x)
⌋′

= ε∗n(x, β).

Therefore, the second part of (iii) follows. �

Definition 3.6 (Beta-shifts). Given a real number β > 1, define πβ : I → BN by

πβ(x) := ε(x, β) = {εn(x, β)}n∈N,

and define π∗β : I → BN by

π∗β(x) := ε∗(x, β) = {ε∗n(x, β)}n∈N.

Define the beta-shift Sβ to be the closure in BN of the image under πβ of the half-open interval
[0, 1), in other words,

Sβ := πβ([0, 1)), (3.8)

where BN is equipped with the product topology. In particular, Sβ is closed and σ(Sβ) = Sβ,
i.e., it is a subshift of the full shift BN, so we may regard the shift map σ as a self-map
σ : Sβ → Sβ.

Definition 3.7. Given a real number β > 1, define Xβ to be the closure in BN of the image
πβ(I). Define hβ : Xβ → I by

hβ({zi}i∈N) :=
+∞∑
i=1

ziβ
−i. (3.9)

For each x ∈ I, define ix : (1,+∞)→ NN
0 and i∗x : (1,+∞)→ NN

0 by

ix(β) := πβ(x) and i∗x(β) := π∗β(x). (3.10)

The following lemma shows that our definition of upper β-expansion is equivalent to the
definition of incorrect β-expansion in [IT74] and [YT21].

Lemma 3.8. Fix β > 1. Then πβ(0) = π∗β(0) = (0)∞ and π∗β(a) = limx↗a πβ(x) for all
a ∈ (0, 1].

Proof. The first part follows from Lemma 3.4 (iii), whereas the second part follows from
Lemma 3.4 (iv). �
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Proposition 3.9 below collects a number of basic properties of beta-transformations and
beta-expansions that will be required later; the majority of the results can be found in the
existing literature (specifically, in [Bl89, IT74, Pa60, Re57, YT21]), and for the remainder we
provide proofs.

Proposition 3.9. Given β > 1, the following statements are true:

(i) We have

π∗β(1) =

{
(z1z2 . . . (zn − 1))∞ if πβ(1) = z1z2 . . . zn(0)∞, zn > 0,

πβ(1) if πβ(1) has infinitely many nonzero terms.

(ii) For each x ∈ (0, 1],

π∗β(x) =

{
z1z2 . . . (zn − 1)π∗β(1) if πβ(x) = z1z2 . . . zn(0)∞, zn > 0,

πβ(x) if πβ(x) has infinitely many nonzero terms.

(iii) σ ◦ πβ = πβ ◦ Tβ and σ ◦ π∗β = π∗β ◦ Uβ on I.

(iv) (hβ ◦ πβ)(x) = x and (hβ ◦ π∗β)(x) = x for each x ∈ I.

(v) hβ ◦ σ = Tβ ◦ hβ on πβ(I) and hβ ◦ σ = Uβ ◦ hβ on π∗β(I).

(vi) πβ and π∗β are strictly increasing, i.e., x < y implies πβ(x) ≺ πβ(y) and π∗β(x) ≺ π∗β(y).

(vii) πβ(x) ≺ π∗β(y) if 0 6 x < y 6 1.

(viii)
{
ω ∈ Xβ : π∗β(x) ≺ ω ≺ πβ(x)

}
= ∅ for all x ∈ I.

(ix) πβ is right-continuous on [0, 1) and π∗β is left-continuous on (0, 1].

(x) hβ is a continuous surjection and is non-decreasing, i.e., ω ≺ ω′ implies hβ(ω) 6
hβ(ω′).

(xi) The inverse image h−1β (x) of x ∈ (0, 1] consists either of one point πβ(x) or of two
points πβ(x) and π∗β(x). The latter case occurs only when T nβ (x) = 0 for some n ∈ N.

Moreover, h−1β (0) = {(0)∞}.
(xii) The function hβ : (Xβ, dβ)→ (I, d) is Lipschitz.

(xiii) For each x ∈ (0, 1], the functions ix and i∗x are both strictly increasing functions.
Moreover, i0(β) = i∗0(β) = (0)∞ for all β > 1.

(xiv) For each x ∈ I, the function ix is right-continuous and the function i∗x is left-continuous.

Proof. Statements (i), (ii), (ix), and (viii) follow from [YT21, Lemma 1.2].

Statements about πβ in statements (vi) and (iv) follow from [IT74, Proposition 3.2], while
statements about π∗β in (vi) and (iv) follow from [YT21, Lemma 1.2].

Statements (x) and (xi) follow from [IT74, Proposition 3.2].

It remains to prove statements (iii), (v), (vii), and (xii)–(xiv), .

(iii) follows from (3.3), (3.4), and Definition 3.6.

(v) From (iii) and (iv), we have hβ ◦ σ ◦ πβ = hβ ◦ πβ ◦ Tβ = Tβ = Tβ ◦ hβ ◦ πβ. Thus,
hβ ◦ σ = Tβ ◦ hβ on πβ(I). Similarly, we have hβ ◦ σ = Uβ ◦ hβ on π∗β(I).

(vii) Consider arbitrary x, y ∈ I with 0 6 x < y 6 1. By Lemma 3.8, we have limz↗y πβ(z) =
π∗β(y). Combining this with the fact that πβ is strictly increasing (see (vi)), we get πβ(x) ≺
πβ(w) ≺ π∗β(y) for all w ∈ (x, y).



ERGODIC OPTIMIZATION FOR BETA-TRANSFORMATIONS 11

(xii) Fix β > 1. Consider a pair of sequences A = a1a2 . . . and B = b1b2 . . . in Xβ. Assume
that dβ(A,B) = β−k for some integer k ∈ N. By (3.9), we have

|hβ(A)− hβ(B)| 6
+∞∑
n=k

|an − bn|
βn

6 β

+∞∑
n=k

1

βn
=

1

βk−2(β − 1)
=

β2

β − 1
dβ(A,B).

(xiii) By (3.10), Definition 3.6, and Lemma 3.4 (iii), i0(β) = i∗0(β) = (0)∞ for all β > 1.
Fix arbitrary x ∈ (0, 1]. It is easy to see that ix(β1) 6= ix(β2) when β1 6= β2. So it suffices to

prove that ix is non-decreasing. Assume that there exist 1 < β1 < β2 such that ix(β2) ≺ ix(β1).
Then there exists n ∈ N such that εk(β1, x) = εk(β2, x) for all k ∈ {1, . . . , n − 1} and
εn(β1, x) > εn(β2, x). Then we have εn(β1, x) > εn(β2, x) + 1 > 1. By (iii) and (iv), for each
β > 1, we have

x = hβ(πβ(x)) =
n−1∑
k=1

εk(x, β)

βk
+
εn(x, β)

βn
+
T nβ (x)

βn
.

So we obtain,

x =
n−1∑
k=1

εk(x, β2)

βk2
+
εn(x, β2)

βn2
+
T nβ2(x)

βn2
6

n−1∑
k=1

εk(x, β2)

βk2
+
εn(x, β2) + 1

βn2

6
n∑
k=1

εk(x, β1)

βk2
<

n∑
k=1

εk(x, β1)

βk1
6 x,

which leads to a contradiction. So ix is strictly increasing. Similarly, we can prove i∗x is strictly
increasing.

(xiv) Fix x ∈ I. By Lemma 3.5 (ii), we have εn(x, ·) is right-continuous and ε∗n(x, ·) is
left-continuous for each n ∈ N. By Definition 3.6 and (3.10), (xiv) follows. �

The following classification of values β > 1, and the interpretation in terms of dynamical
behaviour, will be required in our subsequent investigations.

Definition 3.10 (Classification of β > 1). A real number β > 1 is said to be

(i) a simple beta-number if ε(1, β) has only finitely many nonzero terms;

(ii) a non-simple beta-number if ε(1, β) is preperiodic (i.e., there exists n ∈ N such that
σn(ε(1, β)) is periodic), but β is not a simple beta-number;

(iii) non-preperiodic if β is not a beta-number (i.e., β satisfies neither (i) nor (ii) above).

Remark 3.11. The terminology beta-number, as well as simple beta-number, was introduced
by Parry [Pa60], who proved (see [Pa60, Theorem 5]) that the set of simple beta-numbers
is dense in (1,+∞). Some authors refer to simple beta-numbers as Parry numbers (see
e.g. [Ka15]). It is readily seen that β is a simple beta-number if and only if 1 is a periodic
point of Uβ.

We recall the following notion (see e.g. [PU10, Chapter 4]):

Definition 3.12 (Distance-expanding map). For (X, d) a compact metric space, T : X →
X is called a distance-expanding map if there exist constants λ > 1 and η > 0 such that for
all x, y ∈ X with d(x, y) < 2η, we have

d(T (x), T (y)) > λd(x, y).
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The following proposition summarises the relation between periodic points and invariant
measures of Tβ and Uβ.

Proposition 3.13. If β > 1, then Tβ and Uβ satisfy the following properties:

(i) T−1β (0) = {0} ∪Dβ, T−1β (1) = ∅, U−1β (0) = {0}, and U−1β (1) = Dβ. Moreover, Tβ and
Uβ coincide on I rDβ.

(ii) Per(Tβ) ⊆ Per(Uβ). If O′β is a periodic orbit for Uβ, then O′β ⊆ Per(Tβ) if and only if
1 /∈ O′β.

(iii) M(I, Tβ) ⊆M(I, Uβ). If µ ∈M(I, Uβ), then µ ∈M(I, Tβ) if and only if µ({1}) = 0.

(iv) If β is not a simple beta-number, then Per(Tβ) = Per(Uβ) and M(I, Tβ) =M(I, Uβ).

(v) If β is a simple beta-number, then Per(Uβ) = Per(Tβ) ∪ O′β(1) and M(I, Uβ) is the

convex hull of
{
µO′β(1)

}
∪M(I, Tβ).

(vi) Tβ and Uβ are distance-expanding. Specifically, if x, y ∈ I with |x− y| < 1/(2β), then
|Tβ(x)− Tβ(y)| > β|x− y| and |Uβ(x)− Uβ(y)| > β|x− y|.

Proof. (i) This property follows immediately from the definitions of Tβ, Uβ, and Dβ.

(ii) Fix a periodic orbit Oβ of Tβ that is not {0}. By (i) we have 1 /∈ Oβ and Oβ ∩Dβ = ∅.
Then Uβ(x) = Tβ(x) for all x ∈ Oβ. Hence Oβ is also a periodic orbit of Uβ.

Fix a periodic orbit O′β of Uβ. If 1 ∈ O′β, by (i) we get that O′β is not a periodic orbit of Tβ.
If 1 /∈ O′β, by (i) we have O′β ∩Dβ = ∅. Then we have Uβ(x) = Tβ(x) for all x ∈ O′β. Hence
O′β ⊆ Per(Tβ).

(iii) Fix an arbitrary µ ∈ M(I, Tβ). By (i) we have µ({1}) = µ
(
T−1β (1)

)
= µ(∅) = 0 and

µ(Dβ) = µ
(
T−1β (0)

)
− µ({0}) = 0. Then we have µ

(
U−1β (0)

)
= µ({0}) and µ

(
U−1β (1)

)
=

µ(Dβ) = 0 = µ({1}). By definition we have T−1β (Y ) = U−1β (Y ) for all Borel measurable

subsets Y ⊆ (0, 1). Hence, we have µ ∈M
(
I, Uβ

)
.

Now fix an arbitrary ν ∈ M
(
I, Uβ

)
. If ν({1}) = 0, by (i) we have ν(Dβ) = ν

(
U−1β (1)

)
=

ν({1}) = 0 and ν
(
T−1β (0)

)
= ν({0}) + ν(Dβ) = ν({0}). By definition we have T−1β (Y ) =

U−1β (Y ) for all Borel measurable subsets Y ⊆ (0, 1). Hence, we have ν ∈ M(I, Tβ). If on the

other hand ν({1}) > 0, since T−1β (1) = ∅ by (i), we have ν /∈M(I, Tβ).

(iv) and (v) Recall that 1 is a periodic point of Uβ if and only if β is a simple beta-number
(see Remark 3.11). Then the first part of (iv) and the first part of (v) follow immediately
from (ii).

Fix an arbitrary µ ∈ M(I, Uβ). If β is not a simple beta-number, then 1 is not a periodic
point of Uβ (see Remark 3.11) and it is straightforward to check that µ({1}) = 0. By (iii),
µ ∈M(I, Tβ). The second part of (iv) follows.

Assume that β is a simple beta-number. Since O′β(1) is a periodic orbit of Uβ, then it is
easy to see that µ({x}) = µ({y}) for all x, y ∈ O′β(1). Write t := µ(O′β(1)). When t = 1, we
have µ({x}) = 1/ cardO′β(1) for all x ∈ O′β(1). In this case, µ = µO′β(1). When t ∈ [0, 1), let

us write ν := 1
1−t

(
µ − tµO′β(1)

)
. Then ν ∈ M(I, Uβ) and ν({1}) = 0. By (iii), ν ∈ M(I, Tβ).

In this case, µ = tµO′β(1) + (1− t)ν. The second part of (v) follows.

(vi) Fix arbitrary x, y ∈ I with 0 < y − x < 1/(2β). If there exists an integer i such that
i/β 6 x < y < (i+ 1)/β, then Tβ(y)− Tβ(x) = β(y − x). Otherwise, there exists an integer i
such that (i− 1)/β < x < i/β 6 y < (i+ 1)/β. Then we have Tβ(y)−Tβ(x) = β(y−x)− 1 <
−1/2 < −β|y − x|. Similarly, we can prove Uβ(y)− Uβ(x) > β(y − x). �
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While the support of any T -invariant probability measure µ satisfies T (suppµ) = suppµ in
the case that T is continuous (see e.g. [Ak93, p. 156]), the same is not true for the discontinuous
maps Tβ and Uβ, nevertheless we do have the following result.

Lemma 3.14. Suppose β > 1 and µ ∈ M(I, Uβ). Then Uβ(suppµ) = suppµ if 0 /∈ suppµ,
and Tβ(suppµ) = suppµ if 1 /∈ suppµ.

Proof. Let us write K := suppµ.
Assume that 0 /∈ K and denote δ1 := d(K, 0) > 0. By (3.2), for each y ∈ Dβ, we obtain

µ((y, y + δ1/β) ∩ I) 6 µ
(
U−1β (0, δ1)

)
= µ((0, δ1)) = 0.

So K∩ (y, y+ δ1/β) = ∅ for each y ∈ Dβ. Hence for each pair of x, y ∈ K with |x− y| < δ1/β,
we have (x, y) ∩Dβ = ∅ and Uβ(x)− Uβ(y) = β(x− y). So Uβ|K is continuous and µ can be
seen as an invariant measure for (K, Uβ|K). Therefore, Uβ(K) = K ([Ak93, p. 156]).

Assume that 1 /∈ K and denote δ2 := d(K, 1) > 0. By Proposition 3.13 (iii), µ ∈ M(I, Tβ).
By (3.1), for each y ∈ Dβ, we obtain

µ((y − δ2/β, y) ∩ I) 6 µ
(
T−1β (0, δ2)

)
= µ((0, δ2)) = 0.

So K∩ (y− δ2/β, y) = ∅ for each y ∈ Dβ. Hence for each pair of x, y ∈ K with |x− y| < δ2/β,
we have (x, y) ∩Dβ = ∅ and Tβ(x) − Tβ(y) = β(x − y). So Tβ|K is continuous and µ can be
seen as an invariant measure for (K, Tβ|K). Therefore, Tβ(K) = K ([Ak93, p. 156]). �

3.2. Monotonicity and approximation properties in parameter space. Here we recall
some monotonicity and approximation properties for the one-parameter family of beta-shifts.

The following proposition characterises those sequences on the alphabet B = {0, 1, . . . , bβc}
that arise as the β-expansion of a real number x ∈ [0, 1].

Proposition 3.15. Given β > 1, the following statements are true:

(i) πβ([0, 1)) =
{
A ∈ BN : σn(A) ≺ π∗β(1) for all n ∈ N0

}
.

(ii) Sβ can also be expressed as

Sβ =
{
A ∈ BN : σn(A) � π∗β(1) for all n ∈ N0

}
. (3.11)

Proof. (i) follows from [Pa60, Theorem 3] and Proposition 3.9 (viii), while (ii) is exactly [IT74,
Lemma 4.4]. �

Remark 3.16. (i) Define X̃β :=
{
A ∈ BN : σn(A) � πβ(1) for all n ∈ N0

}
.

(ii) If β is not a simple beta-number, then πβ(1) = π∗β(1) (see Proposition 3.9 (i)), and

hence Sβ = Xβ = X̃β by (3.11), together with Definitions 3.6 and 3.7.

(iii) If β is a simple beta-number, then π∗β(1) ≺ πβ(1) (see Proposition 3.9 (i)), hence Xβ

is the union of the beta-shift Sβ and the singleton set {πβ(1)} (which is disjoint from
Sβ), and

Sβ ⊆ Xβ ⊆ X̃β (3.12)

by (3.11), Definitions 3.6 and 3.7. The inclusions in (3.12) are proper: for example,
when β = 2, we have

2(0)∞ ∈ X2 r S2, 12(0)∞ ∈ X̃2 rX2.

(iv) If β is a simple beta-number then σ maps Sβ surjectively onto itself, and maps X̃β

surjectively onto itself, but σ : Xβ → Xβ is not surjective.
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(v) A complement to Proposition 3.15 (i) is that, for each A ∈ NN
0 , there exists β > 1 with

A = ε(1, β) if and only if σn(A) ≺ A for all n ∈ N; and if such a number β > 1 exists
then it is unique (see [Pa60, Corollary 1]). Consequently, each of the three classes in
Definition 3.10 is readily seen to be non-empty.

(vi) Some authors define the beta-shift to be either Xβ or X̃β, instead of Sβ. For example
it is defined to be Xβ in [AB07, p. 1696], [Sc97, Definition 2.2], and [KQ22, p. 1438]),

and defined to be X̃β in [Si76, p. 248] and [Wa82, p. 179].

Lemma 3.17. Given β > 1, the following statements are true:

(i) If 1 < β′ < β, then Sβ′ ⊆ Sβ.

(ii) Sβ =
⋃
γ∈(1,β) Sγ.

Proof. (i) Assume that 1 < β′ < β. By Proposition 3.9 (xiii) and (3.10), we have π∗β′(1) ≺
π∗β(1). By (3.11), Sβ′ ⊆ Sβ.

(ii) Assume that π∗β(1) = a1a2 . . . . For each n ∈ N, put An := a1 . . . an00 . . . . By Proposi-
tion 3.9 (xiv), we get that π∗β(1) = limγ↗β π

∗
γ(1). Thus, for each n ∈ N, there exists γn ∈ (1, β)

such that An � π∗γn(1). Fix arbitrary B = b1b2 · · · ∈ Sβ. Put Bn := b1 . . . bn00 . . . for each

n ∈ N. By (3.11), for each k ∈ N0 and n ∈ N, we have σk(Bn) � An � π∗γn(1). Thus,

Bn ∈ Sγn . Note that limn→+∞Bn = B, so B ∈
⋃
γ∈(1,β) Sγ. Since B is chosen arbitrarily, we

obtain from (i) that Sβ =
⋃
γ∈(1,β) Sγ. �

Remark 3.18. Lemma 3.17 is hinted at as part of [IT74, Proposition 4.1] (though in [IT74] it
is slightly mis-stated, and not proved, so for the convenience of the reader we include a proof
here). We note that another part of [IT74, Proposition 4.1] is false: in general it is not the
case that Sβ =

⋂
γ>β Sγ (for example if β = 2 then 2(0)∞ ∈ Sγ for all γ > 2, but 2(0)∞ /∈ S2),

however the intersection can be expressed as

X̃β =
⋂
γ>β

Sγ.

Definition 3.19. For 1 < γ < β, define

Hγ
β := hβ(Sγ) =

{ +∞∑
i=1

ziβ
−i : {zi}i∈N ∈ Sγ

}
, (3.13)

and if ψ ∈ C0,α(I) then define the corresponding restricted maximum ergodic average

Qβ, γ(ψ) := Q
(
Tβ|Hγ

β
, ψ|Hγ

β

)
= sup

{∫
ψ dµ : µ ∈M(I, Tβ), suppµ ⊆ Hγ

β

}
. (3.14)

Lemma 3.20. Suppose β > 1. If K ⊆ I is a non-empty compact set with 1 /∈ K = Tβ(K),
then there exists β′ ∈ (1, β) such that K ⊆ Hγ

β for each γ ∈ (β′, β).
Similarly, if K′ is a non-empty compact set with 1 /∈ K′ = Uβ(K′), then there exists β′ ∈

(1, β) such that K′ ⊆ Hγ
β for each γ ∈ (β′, β).

Proof. If K is a non-empty compact set, with 1 /∈ K = Tβ(K), then the largest point in K
is strictly smaller than 1. By Proposition 3.9 (vi), (xiv), and (3.10), there exists β′ ∈ (1, β)
such that max{π∗β(x) : x ∈ K} ≺ π∗β′(1). Furthermore, by Proposition 3.9 (vi), (viii), and the
fact that π∗β′(1) ∈ Xβ (see (3.11) and Lemma 3.17 (i)), we have max{πβ(x) : x ∈ K} � π∗β′(1).
By Proposition 3.9 (iii), we get σ(πβ(K)) = πβ(K). So if z ∈ K then σn(πβ(z)) � π∗β′(1)
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for all n ∈ N0, and therefore by (3.11), πβ(z) ∈ Sβ′ . Hence, by the definition of Hγ
β and

Proposition 3.9 (iv), we have K = hβ(πβ(K)) ⊆ hβ(Sβ′) = Hβ′

β . By (3.13) and Lemma 3.17 (i),

we have Hβ′

β ⊆ Hγ
β for each γ ∈ (β′, β). Therefore, K ⊆ Hγ

β for each γ ∈ (β′, β).
Now let K′ be a non-empty compact set with Uβ(K′) = K′. Applying Proposition 3.13 (i),

we have K′ ∩Dβ = ∅, so Tβ(x) = Uβ(x) for each x ∈ K′. Thus, Tβ(K′) = K′. Therefore, there
exists β′ ∈ (1, β) such that K′ ⊆ Hγ

β for each γ ∈ (β′, β). �

Recall that a homeomorphism g : X1 → X2 between metric spaces (X1, d1) and (X2, d2) is
bi-Lipschitz if there exists a constant C > 1 such that for all u, v ∈ X1,

C−1d1(u, v) 6 d2(g(u), g(v)) 6 Cd1(u, v).

Lemma 3.21. For 1 < γ < β, the map πβ|Hγ
β

:
(
Hγ
β , d
)
→ (Sγ, dβ) is bi-Lipschitz.

Proof. Define δ := d
(
Hγ
β , 1
)
. By (3.10) and Proposition 3.9 (i) and (xiii), we have π∗γ(1) ≺

π∗β(1) � πβ(1). Hence πβ(1), π∗β(1) /∈ Sγ (see (3.11)). So by Proposition 3.9 (x), (xi), and
(3.13), we have 1 /∈ Hγ

β and 0 < δ 6 1.

Assume that x, y ∈ Hγ
β satisfy dβ(πβ(x), πβ(y)) = β−n and x < y, then

πβ(x) = a1 . . . an−1bnbn+1 . . . , πβ(y) = a1 . . . an−1cncn+1 . . . ,

where bn < cn. Then by Proposition 3.9 (iv) and the definition of hβ,

d(x, y) = d(hβ(πβ(x)), hβ(πβ(y))) = β−n+1d(hβ(bnbn+1 . . . ), hβ(cncn+1 . . . )) 6 β−n+1. (3.15)

Moreover, by the definition of hβ and Hγ
β , we have

hβ(bnbn+1 . . . ) = (bn + hβ(bn+1 . . . ))/β 6 (bn + 1− δ)/β and

hβ(cncn+1 . . . ) = (cn + hβ(cn+1 . . . ))/β > cn/β > (bn + 1)/β.

So we have d(hβ(bnbn+1 . . . ), hβ(cncn+1 . . . )) > δ/β. Thus, by (3.15), we have

d(x, y) > δβ−n = δdβ(πβ(x), πβ(y)). (3.16)

Let us write C := max{β, 1/δ} > 1. Combining (3.15) and (3.16), we have

C−1d(x, y) 6 dβ(πβ(x), πβ(y)) 6 Cd(x, y). �

Lemma 3.22. For each β > 1 and each γ ∈ (1, β), the set Hγ
β is a closed subset of I

satisfying Tβ(Hγ
β ) ⊆ Hγ

β and the restricted beta-transformation Tβ|Hγ
β

: Hγ
β → Hγ

β has the

following properties:

(i) Tβ|Hγ
β

is Lipschitz.

(ii) Tβ|Hγ
β

is distance-expanding.

(iii) If γ is a simple beta-number, then Tβ|Hγ
β

is open.

Proof. By (3.11), Sγ is closed and σ(Sγ) ⊆ Sγ. By Proposition 3.9 (iv), (3.13), and Lemma 3.21,
πβ|Hγ

β
is bi-Lipschitz with inverse hβ|Sγ and Hγ

β is closed. By Proposition 3.9 (iii), Tβ(Hγ
β ) ⊆

Hγ
β . Since Tβ|Hγ

β
= hβ|Sγ ◦ σ|Sγ ◦ πβ|Hγ

β
(see Proposition 3.9 (iii) and (v)), we obtain (i).

(ii) follows from Proposition 3.13 (vi).
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To verify (iii), assume that γ is a simple beta-number. Then (Sγ, σ) is a subshift of finite
type (see e.g. [Bl89, Proposition 4.1]), and therefore σ|Sγ is open (see e.g. [URM22, Theo-
rem 3.2.12]). By Lemma 3.21 and Proposition 3.9 (iv), we know that πβ|Hγ

β
and hβ|Sγ are

homeomorphisms. It follows that Tβ|Hγ
β

= hβ|Sγ ◦ σ|Sγ ◦ πβ|Hγ
β

is open. �

3.3. Cylinders.

Definition 3.23. Fix β > 1 and n ∈ N. A length-n prefix (ε1, ε2, . . . , εn) is said to be
β-admissible if ε1 . . . εn (0)∞ ∈ πβ([0, 1)).

For each β-admissible length-n prefix, we define the corresponding n-cylinder to be

I(ε1, ε2, . . . , εn) = {x ∈ [0, 1) : εi(x, β) = εi for all 1 6 i 6 n}, (3.17)

and if T nβ (I(ε1, ε2, . . . , εn)) = [0, 1) we say that the cylinder I(ε1, ε2, . . . , εn) is full. Let W n

denote the set of all n-cylinders, and let W n
0 denote the set of all full n-cylinders.

Note that the n-cylinder I(ε1, ε2, . . . , εn) is a left-closed and right-open interval, with the
left endpoint

ε1
β

+
ε2
β2

+ · · ·+ εn
βn
. (3.18)

For each n ∈ N and each In ∈ W n, let I
n

denote the closure of In. Denote Ĩn to be I
n

excluding its left endpoint. If m ∈ {1, . . . , n} and In ∈ W n, we write Tmβ,In : I
n → I for the

continuous extension of Tmβ |In to I
n
. Moreover, for each function φ : I → R, we define

Sm,Inφ :=
m−1∑
i=0

φ ◦ T iβ,In . (3.19)

Proposition 3.24. Fix β > 1, n ∈ N, and In := I(ε1, . . . , εn) ∈ W n. For each i ∈ {1, . . . , n−
1}, denote In−i := I(εi+1, . . . , εn).

(i) For each m ∈ {1, . . . , n−1}, (εm+1, . . . , εn) is a β-admissible prefix and Tmβ (In) ⊆ In−m.

(ii) If m ∈ {1, . . . , n} and x, y ∈ In, then Tmβ,In(y)− Tmβ,In(x) = βm(y − x). Consequently,
Tmβ,In is continuous and strictly increasing.

(iii) If εn > 0, then I(ε1, . . . , εn−1, b) ∈ W n
0 for b ∈ {0, . . . , εn − 1} with the right endpoint∑n−1

i=1 εi/β
i + (b+ 1)/βn.

(iv) If In ∈ W n
0 , then there is a T nβ,In-fixed point in I

n
.

(v) There exists m ∈ {0, 1, . . . , n} such that T nβ,In
(
I
n)

= [0, Um
β (1)].

(vi) T k+mβ,In = T kβ,In−m ◦Tmβ,In on I
n

for each m ∈ {1, . . . , n−1} and each k ∈ {1, . . . , n−m}.
(vii) For each m ∈ {1, . . . , n}, Tmβ,In = Um

β on Ĩn.

(viii) [0, 1) =
⊔
In∈Wn In and (0, 1] =

⊔
In∈Wn Ĩn, where t means the union of disjoint sets.

(ix) T−nβ (0) r {1} =
{
T−nβ,In(0) : In ∈ W n

}
and

U−nβ (x) =
{
T−nβ,In(x) : x ∈ Tβ,In

(
I
n)
, In ∈ W n

}
for each x ∈ (0, 1].

Proof. Denote π∗β(1) = a1 a2 . . . in this proof. Recall that (πβ ◦ Tβ)(x) = (σ ◦ πβ)(x) and
(hβ ◦ πβ)(x) = x for each x ∈ I (see Proposition 3.9 (iii) and (iv)). By (3.17) and Proposi-
tion 3.9 (vi), x ∈ In if and only if

ε1ε2 . . . εn(0)∞ � πβ(x) ≺ ε1ε2 . . . (εn + 1)(0)∞. (3.20)
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(i) Fix arbitrary x ∈ In. Then (3.20) holds. For each m ∈ {1, . . . , n − 1}, we have
πβ(Tmβ (x)) = σm(πβ(x)). Hence εm+1 . . . εn(0)∞ � πβ(Tmβ (x)) ≺ εm+1 . . . (εn + 1)(0)∞, and
thus Tmβ (x) ∈ In−m. By the arbitrariness of x ∈ In, Tmβ (In) ⊆ In−m.

(ii) For arbitrary x, y ∈ In, assume that πβ(x) = ε1 . . . εn x1 x2 . . . and πβ(y) = ε1 . . . εn y1 y2 . . . .

So y−x = hβ(πβ(y))−hβ(πβ(x)) = β−n
∑+∞

i=1 β
−i(yi−xi) and by Proposition 3.9 (iii) and (v),

Tmβ (y)− Tmβ (x) = hβ(σm(πβ(y)))− hβ(σm(πβ(x)))

= βm−n
+∞∑
i=1

β−i(yi − xi) = βm(y − x).

Since Tmβ,In is the continuous extension of Tmβ |In to I
n
, then (ii) follows.

(iii) Fix arbitrary b ∈ {0, . . . , εn−1}. Write yb :=
∑n−1

i=1 εi/β
i+b/βn and zb :=

∑n−1
i=1 εi/β

i+
(b + 1)/βn. Since (ε1, . . . , εn) is β-admissible and b + 1 6 εn, we have yb < zb 6 1. Then
πβ(yb) = ε1 . . . εn−1b(0)∞ and πβ(zb) = ε1 . . . εn−1(b+1)(0)∞. Since πβ is strictly increasing (see
Proposition 3.9 (vi)), I(ε1, . . . , εn−1, b) = [yb, zb) and diam I(ε1, . . . , εn−1, b) = β−n. Moreover,
T nβ (I(ε1, . . . , εn−1, b)) = [0, 1) by (ii). Therefore I(ε1, . . . , εn−1, b) ∈ W n

0 with the right endpoint
zb.

(iv) By (ii), T nβ,In is continuous. Since In is a full cylinder, then T nβ,In
(
I
n)

= T nβ,In(In) =

T nβ (In) = I ⊇ I
n
, so by the intermediate value theorem, T nβ,In has a fixed point.

(v) Denote

m := max({j ∈ N : εn−j+i = ai for all 1 6 i 6 j} ∪ {0}).

Let y be the left endpoint of In and z := hβ(A) with

A := ε1 . . . εn−mπ
∗
β(1) = ε1 . . . εn am+1 am+2 . . . . (3.21)

We first check that A ∈ Sβ. Fix k ∈ N0 arbitrarily. If k < n −m, then εk+1 . . . , εn(0)∞ ≺
a1 . . . an−k(0)∞ by the maximality of m and Proposition 3.9 (vi). So σk(A) ≺ π∗β(1). If k >
n−m, then σk(A) = σk−(n−m)

(
π∗β(1)

)
� π∗β(1) by (3.21) and Proposition 3.9 (vi). We obtain

A ∈ Sβ by (3.11). Since hβ(A) = z and A = ε1 . . . εn−mπ
∗
β(1), by Proposition 3.9 (ii), (iv),

and (xi), A = π∗β(z).
Consider arbitrary x ∈ In, then πβ(x) ∈ Sβ by Definition 3.6. So σn−m(πβ(x)) � π∗β(1) =

σn−m(A) by Proposition 3.15 (ii) and (3.21). Combining this with the fact that the first n−m
terms of πβ(x) and A coincide (see (3.20)), we get πβ(x) � A. Since hβ is non-decreasing
(see Proposition 3.9 (x)), x 6 z = hβ(A) for all x ∈ In by Proposition 3.9 (vi). Consider
arbitrary w ∈ [y, z). By Proposition 3.9 (vii), πβ(w) � π∗β(z) = A � πβ(z). Hence w ∈ In for
all w ∈ [y, z) by (3.20).

By our discussion above, z is the right endpoint of In. Moreover, by (ii) and Proposi-
tion 3.9 (iv), (v), T nβ,In

(
I
n)

is a closed interval with the left endpoint 0 and the right endpoint

βn(z − y) = Tmβ
(
hβ
(
π∗β(1)

))
= hβ

(
σm
(
π∗β(1)

))
= Um

β (1).

(vi) Fix m ∈ {1, . . . , n− 1} and k ∈ {1, . . . , n−m} arbitrarily. By (i), we have Tmβ (In) ⊆
Im−n. Thus, we have T k+mβ,In = T kβ,In−m ◦Tmβ,In on In since T k+mβ,In = T k+mβ , Tmβ,In = Tmβ on In and

T kβ,Im−n = T kβ on Im−n(⊇ Tmβ (In)). For y the right endpoint of In, and arbitrary x ∈ In, by
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(ii) we have

T k+mβ,In (y)− T k+mβ,In (x) = βk+m(y − x) and(
T kβ,In−m ◦ Tmβ,In

)
(y)−

(
T kβ,In−m ◦ Tmβ,In

)
(x) = T kβ,In−m(x+ βm(y − x))− T kβ,In−m(x)

= βk+m(y − x).

Therefore, (vi) holds.

(vii) Fix m ∈ {1, . . . , n} and let y ∈ Ĩn. By (ii) and Lemma 3.4 (iv), we obtain Tmβ,In(y) =
limx↗y T

m
β,In(x) = limx↗y T

m
β (x) = Um

β (y).

(viii) By (3.17) and Proposition 3.9 (vi), In1 ∩In2 = ∅ for each In1 , I
n
2 ∈ W n with In1 6= In2 . For

each x ∈ [0, 1), assume πβ(x) = a1a2 . . . an . . . . Then x ∈ I(a1, . . . , an). So [0, 1) =
⊔
In∈Wn In.

Since In is a left-closed and right-open interval and Ĩn is defined to be I
n

excluding its left
endpoint, it follows immediately that the second identity in (viii) holds.

(ix) Consider arbitrary y1 ∈ T−nβ (0)r{1}. There exists a unique In ∈ W n satisfying y1 ∈ In
by (viii). So T nβ,In(y1) = T nβ (y1) = 0. Hence by the arbitrariness of y1 ∈ T−nβ (0) r {1},

T−nβ (0) r {1} ⊆
{
T−nβ,In(0) : In ∈ W n

}
.

Fix arbitrary In ∈ W n. By (v), 0 ∈ T nβ,In
(
I
n)

. Write y2 := T−nβ,In(0) by (ii). Then y2 is the
left endpoint of In by (ii) and (v). Moreover, y2 6= 1 and T nβ (y2) = T nβ,In(y2) = 0. Hence by
the arbitrariness of In ∈ W n,

T−nβ (0) r {1} ⊇
{
T−nβ,In(0) : In ∈ W n

}
.

The first part of (ix) follows.
Fix x ∈ (0, 1]. Consider arbitrary z1 ∈ U−nβ (x). Since 0 is a fixed point of Uβ (see (3.2)),

we get z1 ∈ (0, 1]. There exists a unique In ∈ W n satisfying z1 ∈ Ĩn by (viii). By (vii),
T nβ,In(z1) = Un

β (z1) = x. Hence by the arbitrariness of z1 ∈ U−nβ (x),

U−nβ (x) ⊆
{
T−nβ,In(x) : x ∈ Tβ,In

(
I
n)
, In ∈ W n

}
.

Fix arbitrary In ∈ W n satisfying x ∈ T nβ,In
(
I
n)

. Write z2 := T−nβ,In(x) by (ii). Then since

x ∈ (0, 1], z2 is not the left endpoint of I
n

by (ii) and (v). Moreover, Un
β (z2) = T nβ,In(z2) = x

by (vii). Hence,

U−nβ (x) ⊇
{
T−nβ,In(x) : x ∈ Tβ,In(I

n
), In ∈ W n

}
.

The second part of (ix) now follows. �

We will need the following standard lemma. Recall that Sn,Inφ is defined in (3.19).

Lemma 3.25. Fix β > 1. Suppose α ∈ (0, 1] and φ ∈ C0,α(I). For all n ∈ N, In ∈ W n, and
x, y ∈ In, we have

|Sn,Inφ(x)− Sn,Inφ(y)| 6 |φ|α
βα − 1

∣∣T nβ,In(x)− T nβ,In(y)
∣∣α.
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Proof. By (3.19), (3.17), and Proposition 3.24 (ii),

|Sn,Inφ(x)− Sn,Inφ(y)| 6 |φ|α
n−1∑
i=0

∣∣T iβ,In(x)− T iβ,In(y)
∣∣α

= |φ|α
n−1∑
i=0

∣∣T nβ,In(x)− T nβ,In(y)
∣∣α/β(n−i)α

6
|φ|α
βα − 1

∣∣T nβ,In(x)− T nβ,In(y)
∣∣α. �

4. Maximizing measures

In this section, we introduce the notion of limit-maximizing measure, which will be useful
for a dynamical system, such as Tβ, whose set of invariant measures is not necessarily weak∗

compact. For β > 1 and φ ∈ C(I), we first show that the existence of a maximizing measure
for (I, Uβ, φ) is equivalent to the existence of a maximizing measure for (Xβ, σ, φ ◦ hβ). We
then prove that a measure is limit-maximizing for (I, Tβ, φ) if and only if it is maximizing for
(I, Uβ, φ).

Definition 4.1. Let T : X → X be a Borel measurable map on a compact metric space X.
For a Borel measurable function ψ : X → R, a probability measure µ is called a (T, ψ)-limit-
maximizing measure, or simply a ψ-limit-maximizing measure, if it is a weak∗ accumulation
point of M(X,T ) and

∫
ψ dµ = Q(T, ψ). We denote the set of (T, ψ)-limit-maximizing mea-

sures by M∗
max(T, ψ).

Clearly, Mmax(T, ψ) ⊆M∗
max(T, ψ). For β > 1, let us write

Zβ := {x ∈ I : πβ(x) 6= π∗β(x)}. (4.1)

The following lemma collects together some basic properties of Zβ.

Lemma 4.2. Given β > 1, the following statements are true:

(i) Zβ =
(⋃

n∈N T
−n
β (0)

)
r {0} =

⋃
n∈N U

−n
β (1) and in particular Dβ ⊆ Zβ.

(ii) h−1β (W ) = π∗β(W ) ∪ πβ(W ∩ Zβ) for each W ⊆ I and πβ(Zβ) ∩ π∗β(I) = ∅.
(iii) If x ∈ I r Zβ, then T nβ (x) = Un

β (x) for all n ∈ N.

(iv) πβ and π∗β are continuous on I r Zβ.

(v) µ(πβ(Zβ)) = 0 for all µ ∈M(Xβ, σ).

Proof. (i) Fix arbitrary x ∈ I. By (4.1), Proposition 3.9 (ii), and Lemma 3.8, x ∈ Zβ if and
only if there exists n ∈ N and z1, . . . , zn ∈ N with zn > 0 such that

πβ(x) = z1 . . . zn(0)∞.

By Proposition 3.9 (iii) and (v), T nβ (x) =
(
T nβ ◦hβ ◦πβ

)
(x) = (hβ ◦σn◦πβ)(x). So the condition

above is equivalent to the condition that there exists n ∈ N such that x ∈ T−nβ (0)rT−(n−1)β (0).
Hence

Zβ =
⋃
n∈N

(
T−nβ (0) r T

−(n−1)
β (0)

)
=
(⋃
n∈N

T−nβ (0)
)
r {0}.

Similarly, we can prove that Zβ =
⋃
n∈N U

−n
β (1). In particular, by Proposition 3.13 (i),

Dβ = U−1β (1) ⊆ Zβ.
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(ii) Fix arbitrary W ⊆ I. By Proposition 3.9 (xi), we have h−1β (W ) = πβ(W ) ∪ π∗β(W ). By
(4.1),

h−1β (W ) = π∗β(W ) ∪ πβ(W ) = π∗β(W ) ∪ (πβ(W r Zβ) ∪ πβ(W ∩ Zβ))

=
(
π∗β(W ) ∪ π∗β(W r Zβ)

)
∪ πβ(W ∩ Zβ) = π∗β(W ) ∪ πβ(W ∩ Zβ).

For each A ∈ πβ(Zβ), A has finitely many nonzero terms and (0)∞ /∈ πβ(Zβ) (see Proposi-
tion 3.9 (ii) and Lemma 3.8). By Proposition 3.9 (i), (ii), and Lemma 3.8, π∗β(x) has infinitely
many nonzero terms for all x ∈ (0, 1] and π∗β(0) = (0)∞. The second part of (ii) follows.

(iii) By Proposition 3.9 (iii) and (v), for each x ∈ I,

T nβ (x) =
(
T nβ ◦ hβ ◦ πβ

)
(x) = (hβ ◦ σn ◦ πβ)(x) and

Un
β (x) =

(
Un
β ◦ hβ ◦ π∗β

)
(x) =

(
hβ ◦ σn ◦ π∗β

)
(x),

so these, together with (4.1), give (iii).
(iv) Assume that x ∈ (0, 1] r Zβ, so that πβ(x) = π∗β(x) by (4.1). From the fact that π∗β

is left-continuous, the fact that π∗β(y) � πβ(y) for all y ∈ I, and the fact that πβ is strictly
increasing (see Proposition 3.9 (ix), (ii), and (vi)), we have

π∗β(x) = lim
y↗x

π∗β(y) � lim
y↗x

πβ(y) � πβ(x).

So limy↗x πβ(y) = πβ(x). Combining this with the fact that πβ is right-continuous on [0, 1),
and that x ∈ (0, 1] r Zβ was arbitrary, we see that πβ is continuous on I r Zβ. The fact that
π∗β is continuous on I r Zβ can be proved similarly.

(v) If x ∈ Zβ then (0)∞ ∈ Oσ(πβ(x)) by Proposition 3.9 (ii) and Lemma 3.8. So

πβ(Zβ) ⊆
(+∞⋃
n=1

σ−n((0)∞)

)
r {(0)∞}. (4.2)

If µ ∈ M(Xβ, σ) and n ∈ N, then µ(σ−n((0)∞)) = µ({(0)∞}) and (0)∞ ∈ σ−n((0)∞). This
implies that

µ

((+∞⋃
n=1

σ−n((0)∞)

)
r {(0)∞}

)
= 0,

and therefore µ(πβ(Zβ)) = 0. �

Now we consider the relation between M(I, Uβ) and M(Xβ, σ).

Notation. Fix β > 1. Define

Gβ : M(I, Uβ)→M(Xβ, σ)

to be the pushforward of π∗β, in other words,

Gβ(µ)(Y ) := µ
((
π∗β
)−1

(Y )
)

(4.3)

for each µ ∈M(I, Uβ) and each Borel measurable subset Y ⊆ Xβ. By Proposition 3.9 (iii), it
is straightforward to check that Gβ is well-defined. Define

Hβ : M(Xβ, σ)→ P(I)

by
Hβ(ν)(W ) := ν

(
hβ
−1(W )

)
(4.4)

for each ν ∈M(Xβ, σ) and each Borel measurable subset W ⊆ I.
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Proposition 4.3. If β > 1 and φ ∈ C(I), then the following statements are true:

(i) Hβ is a homeomorphism fromM(Xβ, σ) toM(I, Uβ) with respect to the weak∗ topology,
with G−1β = Hβ.

(ii) M(I, Uβ) is compact in the weak∗ topology.

(iii) Q(Uβ, φ) = Q(σ|Xβ , φ ◦ hβ) and Mmax(Uβ, φ) = Hβ(Mmax(σ|Xβ , φ ◦ hβ)) 6= ∅.

Proof. (i) By Proposition 3.9 (iii), σ(π∗β(I)) ⊆ π∗β(I). Applying Lemma 4.2 (ii) to W = I,

we have Xβ = π∗β(I) ∪ πβ(Zβ). Thus, by Lemma 4.2 (v), we have that M
(
π∗β(I), σ

)
can be

naturally identified with M(Xβ, σ). More precisely, µ(·) 7→ µ
(
· ∩ π∗β(I)

)
is a homeomor-

phism fromM
(
π∗β(I), σ

)
toM(Xβ, σ). So Hβ can be seen as the pushforward of hβ|π∗β(I) from

M
(
π∗β(I), σ

)
to P(I). Proposition 3.9 (v) implies that Hβ

(
M(Xβ, σ)

)
⊆M(I, Uβ).

For each µ ∈ M(I, Uβ) and each Borel measurable subset Y ⊆ Xβ, by (4.3) and Proposi-
tion 3.9 (vi) and (iv), we have

Gβ(µ)(Y ) = µ
((
π∗β
)−1

(Y )
)

= µ
((
π∗β
)−1

(Y ∩ π∗β(I))
)

= µ
(
hβ
(
Y ∩ π∗β(I)

))
. (4.5)

Hence we derive that (Hβ ◦ Gβ)(µ) = µ for all µ ∈ M(I, Uβ). More precisely, for each Borel
measurable subset W ⊆ I, by (4.4), (4.5), Lemma 4.2 (ii), and Proposition 3.9 (v),

(Hβ ◦Gβ)(µ)(W ) = Gβ(µ)
(
h−1β (W )

)
= µ

(
hβ
(
h−1β (W ) ∩ π∗β(I)

))
= µ

(
hβ
((
π∗β(W ) ∪ πβ(W ∩ Zβ)

)
∩ π∗β(I)

))
= µ

(
hβ
((
π∗β(W ) ∩ π∗β(I)

)
∪
(
πβ(W ∩ Zβ) ∩ π∗β(I)

)))
= µ

(
hβ
(
π∗β(W )

))
= µ(W ).

For each ν ∈M(Xβ, σ) and each Borel measurable subset W ⊆ I, by (4.4) and Lemma 4.2 (ii)
and (v), we have

Hβ(ν)(W ) = ν
(
h−1β (W )

)
= ν

(
π∗β(W ) ∪ πβ(W ∩ Zβ)

)
= ν

(
π∗β(W )

)
. (4.6)

Hence we derive that (Gβ ◦Hβ)(ν) = ν for all ν ∈ M(Xβ, σ). More precisely, for each Borel
measurable subset Y ⊆ Xβ, by (4.3) and (4.6),

(Gβ ◦Hβ)(ν)(Y ) = Hβ(ν)
((
π∗β
)−1

(Y )
)

= ν
(
π∗β
((
π∗β
)−1

(Y )
))

= ν(Y ).

By the above, and Proposition 3.9 (x), Hβ is a continuous bijection from M(Xβ, σ) to
M(I, Uβ).

The weak∗ compactness ofM(Xβ, σ) follows immediately from the compactness of Xβ and
the continuity of σ. By [Wa82, Theorem 6.4], the set of probability measures on I is Hausdorff
in the weak∗ topology, hence M(I, Uβ) is Hausdorff, and therefore Hβ is a homeomorphism
from M(Xβ, σ) to M(I, Uβ), with G−1β = Hβ.

(ii) follows immediately from (i), and the weak∗ compactness of M(Xβ, σ).

(iii) Since Gβ is the pushforward of π∗β, for each µ ∈M(Xβ, σ), by Proposition 3.9 (iv) and
statement (i), we have∫

I

φ dHβ(µ) =

∫
I

(
φ ◦ hβ ◦ π∗β

)
dHβ(µ) =

∫
Xβ

(φ ◦ hβ) d
(
Gβ ◦Hβ

)
µ =

∫
Xβ

(φ ◦ hβ) dµ.
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By (i), we obtain the required identities

Q(Uβ, φ) = Q(σ|Xβ , φ ◦ hβ) and Mmax

(
Uβ, φ

)
= Hβ(Mmax(σ|Xβ , φ ◦ hβ)).

Since M(Xβ, σ) is weak∗ compact and hβ is continuous (see Proposition 3.9 (x)), the set
Mmax(σ|Xβ , φ ◦ hβ) is non-empty. �

Proposition 4.4. If β > 1 and φ ∈ C(I), then the following statements are true:

(i) M(I, Uβ) is equal to the weak∗ closure of M(I, Tβ).

(ii) Q(Tβ, φ) = Q(Uβ, φ).

(iii) M∗
max(Tβ, φ) =Mmax(Uβ, φ).

Proof. If β is not a simple beta-number, then M(I, Tβ) = M(I, Uβ) is weak∗ compact (see
Proposition 3.13 (iv) and Proposition 4.3 (ii)). So (i) holds and both (ii) and (iii) follow
immediately from (i).

If β is a simple beta-number, by Proposition 3.13 (v), it suffices to prove that µO′β(1) is

contained in the weak∗ closure of M(I, Tβ). Note that O′β(1) and Oσ
(
π∗β(1)

)
are periodic

orbits of Uβ and σ, respectively. By [Si76, p. 249], the periodic measures are weak∗ dense in
M(Xβ, σ), so there exists a sequence of periodic orbits {On} of (Xβ, σ) satisfying:

(a) On 6= Oσ(π∗β(1)) and On 6= {(0)∞} for all n ∈ N, and
(b) µOn converges to µOσ(π∗β(1)) in the weak∗ topology as n tends to +∞.

Since On is periodic and (0)∞ /∈ On, by (4.2), we have On ∩ πβ(Zβ) = ∅. Recall that
Xβ = π∗β(I) ∪ πβ(Zβ) (see Lemma 4.2 (ii)), so On ⊆ π∗β(I).

By Proposition 3.9 (v), each hβ(On) is a periodic orbit of Uβ and hβ
(
Oσ
(
π∗β(1)

))
= O′β(1).

By Proposition 4.3 (i), Hβ(µOn) = µhβ(On) then converges to Hβ

(
µOσ(π∗β(1))

)
= µO′β(1) in the

weak∗ topology, and hβ(On) 6= O′β(1) for each n ∈ N. But Hβ(µOn) ∈ M(I, Tβ) for each
n ∈ N, by Proposition 3.13 (iii), so (i) follows. Both (ii) and (iii) follow immediately from
(i). �

5. The Mañé lemma

The purpose of this section is to prove a version of the Mañé lemma for beta-transformations
(Theorem 5.9), and derive a revelation theorem (Theorem 5.10), an important consequence
regarding the support of a maximizing measure. A key tool is to introduce an operator
analogous to the one used by Bousch [Bou00], and show (Proposition 5.7) that it has a fixed
point function with certain regularity properties (following [GLT09], this fixed point can be
referred to as a calibrated sub-action).

For a Borel measurable map T : I → I, and bounded Borel measurable function ψ : I → R,
to study the (T, ψ)-maximizing measures it is convenient, whenever possible, to consider a

cohomologous function ψ̃ satisfying ψ̃ 6 Q(T, ψ). We recall the following (cf. [Je19, p. 2601]):

Definition 5.1. Suppose T : I → I is Borel measurable, and ψ : I → R is bounded and Borel
measurable. If ψ 6 Q(T, ψ) and ψ−1(Q(T, ψ)) contains suppµ for some µ ∈ M(I, T ), then
ψ is said to be revealed. If Q(T, ψ) = 0 then ψ is said to be normalised ; in particular, a
normalised function ψ is revealed if and only if ψ 6 0 and ψ−1(0) contains suppµ for some
µ ∈M(I, T ).

Lemma 5.2. Suppose T : I → I is Borel measurable, φ : I → R is bounded and Borel mea-

surable, and Mmax(T, φ) 6= ∅. Denote φ = φ − Q(T, φ), and suppose φ̃ = φ + u − u ◦ T for
some bounded Borel measurable function u : I → R. Then the following statements are true:
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(i) Q(T, φ̃) = Q(T, φ) = 0.

(ii) Mmax(T, φ) =Mmax(T, φ) =Mmax(T, φ̃).

(iii) If x ∈ I is such that φ̃ 6 0 and OT (x) ⊆ φ̃−1(0), then OT (x) is a (T, φ)-maximizing
orbit.

Proof. (i) and (ii) follow from (1.1), (1.2), and the fact that∫
φ̃ dµ =

∫
(φ+ u− u ◦ T ) dµ =

∫
φ dµ for all µ ∈M(I, T ).

If φ̃ 6 0 and OT (x) ⊆ φ̃−1(0), then 0 = 1
n
STn φ̃(x) = 1

n
STn φ(x) + 1

n
(u(x) − u(T n(x))) for all

n ∈ N, and (iii) follows from the fact that u is bounded. �

The following operator6 Lψ is an analogue of the one used by Bousch in [Bou00].

Definition 5.3. Let ψ : I → R be bounded and Borel measurable. For β > 1, define Lψ : RI →
RI by

Lψ(u)(x) :=


max

y∈U−1
β (x)

(u+ ψ)(y) if x ∈ (0, 1],

max
y∈T−1

β (0)r{1}
(u+ ψ)(y) if x = 0.

(5.1)

Note that if u : I → R is bounded then so is Lψ(u). By (5.1) and Proposition 3.24 (ix), an
equivalent definition of Lψ is

Lψ(u)(x) := max
{

(u+ ψ)(y) : y = T−1β,I1(x), I1 ∈ W 1
}
. (5.2)

Lemma 5.4. If β > 1 and ψ : I → R is bounded and Borel measurable, and ψ := ψ−Q(Tβ, ψ),
then the following statements are true:

(i) If x ∈ I, n ∈ N, and u : I → R is bounded, then

Ln
ψ
(u)(x) + nQ(Tβ, ψ) = Lnψ(u)(x) = max

{
u(y) + Sn,Inψ(y) : y = T−nβ,In(x), In ∈ W n

}
.

(ii) For all x ∈ (0, 1] and n ∈ N,

Lnψ(0)(x) = max
{
Sn,Inψ(y) : y = T−nβ,In(x), In ∈ W n

}
= max

{
S
Uβ
n ψ(y) : y ∈ U−nβ (x)

}
.

(iii) For all n ∈ N,

Lnψ(0)(0) = max
{
Sn,Inψ(y) : y = T−nβ,In(0), In ∈ W n

}
= max

{
Snψ(y) : y ∈ T−nβ (0) r {1}

}
.

(iv) Lψ(supv∈A v) = supv∈A Lψ(v) for any collection A of bounded real-valued functions on
I.

(v) If {un}n∈N is a pointwise convergent sequence of bounded real-valued functions on I,
then lim

n→+∞
Lψ(un) = Lψ

(
lim

n→+∞
un
)
, where lim

n→+∞
denotes pointwise limit.

Proof. (i) The first equality in (i) is immediate from (5.1) and the fact that ψ = ψ−Q(Tβ, ψ),
and the second is easily proved by (5.2), Proposition 3.24 (vi), and induction (cf. e.g. [JMU06,
JMU07]).

6Although non-linear, the operator Lψ is tropical linear (see e.g. [LS24] for further development of this
tropical functional analysis viewpoint; see also [BLL13]).
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(ii) The first identity follows immediately from (i). For each n ∈ N, each x ∈ (0, 1], and
each In ∈ W n, by Proposition 3.24 (ii) and (v), T−nβ,In(x) is not the left endpoint of In. So by
Proposition 3.24 (vii) and (ix), we obtain

max
{
Sn,Inψ(y) : y = T−nβ,In(x), In ∈ W n

}
= max

{
S
Uβ
n ψ(y) : y = T−nβ,In(x), In ∈ W n

}
= max

{
S
Uβ
n ψ(y) : y ∈ U−nβ (x)

}
.

(iii) The first identity follows immediately from (i). For each n ∈ N, each x ∈ (0, 1], and
each In ∈ W n, by Proposition 3.24 (ii) and (v), T−nβ,In(0) is the left endpoint of In. So by
Proposition 3.24 (vii) and (ix), we obtain

max
{
Sn,Inψ(y) : y = T−nβ,In(0), In ∈ W n

}
= max

{
Snψ(y) : y = T−nβ,In(0), In ∈ W n

}
= max

{
Snψ(y) : y ∈ T−nβ (0) r {1}

}
.

(iv) follows readily from the fact that ψ + supv∈A v = supv∈A(ψ + v), and

max
y=T−1

β,I1
(x), I1∈W 1

sup
v∈A

(ψ + v)(y) = sup
v∈A

max
y=T−1

β,I1
(x), I1∈W 1

(ψ + v)(y).

(v) Define v : I → R by v(x) := limn→∞ un(x) for all x ∈ I. Fix arbitrary x ∈ I and ε > 0.
Then there exists N = N(x, ε) ∈ N such that if n > N then |un(y)− v(y)| < ε for each of the
finitely many pre-images y ∈

{
T−1β,I1(x) : I1 ∈ W 1

}
.

Fix n > N . Let y1, y2 ∈
{
T−1β,I1(x) : I1 ∈ W 1

}
satisfy Lψ(un)(x) = (ψ + un)(y1) and

Lψ(v)(x) = (ψ + v)(y2), so that

(Lψ(un)− Lψ(v))(x) 6 (ψ + un)(y1)− (ψ + v)(y1) = un(y1)− v(y1) < ε and

(Lψ(un)− Lψ(v))(x) > (ψ + un)(y2)− (ψ + v)(y2) = un(y2)− v(y2) > −ε.
Then (v) follows. �

Notation. For β > 1 and α ∈ (0, 1], we write

Kα,β :=
1

βα − 1
.

Lemma 5.5. Suppose β > 1, α ∈ (0, 1], φ ∈ C0,α(I), and n ∈ N. Then

Lnφ(u)(x)− Lnφ(u)(y) > −Kα,β(|φ|α + |u|α)|x− y|α (5.3)

for all u ∈ C0,α(I), and all x, y ∈ I with x < y.
If, moreover, for all 1 6 i 6 n the interval [x, y) does not contain U i

β(1), then∣∣Lnφ(u)(x)− Lnφ(u)(y)
∣∣ 6 Kα,β(|φ|α + |u|α)|x− y|α. (5.4)

Proof. Suppose u ∈ C0,α(I) and x, y ∈ I with x < y. By Lemma 5.4 (i), there exists In ∈ W n

and y′ ∈ In with y′ = T−nβ,In(y) such that

Lnφ(u)(y) = u(y′) + Sn,Inφ(y′). (5.5)

Since x < y, Proposition 3.24 (v) means that x ∈ T nβ,In
(
I
n)

as well, so x′ := T−nβ,In(x) ∈ In,
and

Lnφ(u)(x) > u(x′) + Sn,Inφ(x′). (5.6)

Combining (5.5) and (5.6) gives

Lnφ(u)(x)− Lnφ(u)(y) > Sn,Inφ(x′) + u(x′)− Sn,Inφ(y′)− u(y′). (5.7)
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Since x′, y′ ∈ In, Lemma 3.25 gives

Sn,Inφ(x′)− Sn,Inφ(y′) > −Kα,β|φ|α|x− y|α. (5.8)

Now u ∈ C0,α(I), so u(x′) − u(y′) > −|u|α|x′ − y′|α and |x′ − y′| = β−n|x − y| by Proposi-
tion 3.24 (ii), so u(x′)− u(y′) > −|u|αβ−nα|x− y|α. But β−nα < Kα,β, so

u(x′)− u(y′) > −Kα,β|u|α|x− y|α. (5.9)

Combining (5.7), (5.8), and (5.9) gives the required inequality (5.3).
A similar argument can be used to establish the bound (5.4). Specifically, suppose that

x, y ∈ I and n ∈ N are such that [x, y) ∩
{
Uβ(1), . . . , Un

β (1)
}

= ∅, so that, by Proposi-

tion 3.24 (v), if In ∈ W n then x ∈ T nβ,In
(
I
n)

if and only if y ∈ T nβ,In
(
I
n)

.

By Lemma 5.4 (i) there exists some In ∈ W n and x′′ ∈ In with x′′ = T−nβ,In(x), such that

Lnφ(u)(x) = Sn,Inφ(x′′) + u(x′′).

Defining y′′ := T−nβ,In(y), an argument analogous to the one above, using Lemma 3.25 and
Lemma 5.4 (i), then gives

Lnφ(u)(x)− Lnφ(u)(y) 6 Sn,Inφ(x′′) + u(x′′)− Sn,Inφ(y′′)− u(y′′)

6 (βα − 1)−1|φ|α|x− y|α + |u|α|x′′ − y′′|α

6 (βα − 1)−1|φ|α|x− y|α + |u|αβ−nα|x− y|α

6 (βα − 1)−1(|φ|α + |u|α)|x− y|α

= Kα,β(|φ|α + |u|α)|x− y|α,
and (5.4) follows. �

Of particular interest in the following Corollary 5.6 will be the choice u = 0, the function
that is identically zero on I, and evaluation of (5.3) at either endpoint of I:

Corollary 5.6. Suppose β > 1 and α ∈ (0, 1]. If φ ∈ C0,α(I), n ∈ N, and x, y ∈ I, then

Lnφ(0)(0) > Lnφ(0)(y)−Kα,β|φ|α, (5.10)

Lnφ(0)(x) > Lnφ(0)(1)−Kα,β|φ|α. (5.11)

Proof. If y = 0 then (5.10) clearly holds. If y > 0 then (5.10) follows from (5.3) with x := 0
and u := 0, since in this case |u|α = 0 and |x− y|α 6 1. Similarly, if x = 1 then (5.11) clearly
holds, and if x < 1 then (5.11) follows from (5.3) with y := 1, u := 0. �

We are now able to find a fixed point uφ of the operator Lφ:

Proposition 5.7. Suppose β > 1 and α ∈ (0, 1]. If φ ∈ C0,α(I) then the function uφ : I → R
given by

uφ(x) := lim sup
n→+∞

Ln
φ
(0)(x), x ∈ I, (5.12)

where φ := φ−Q(Tβ, φ), satisfies the following properties:

(i) uφ is Borel measurable and |uφ(x)| 6 3Kα,β|φ|α for each x ∈ I.

(ii) If a ∈ (0, 1] then limx↗a uφ(x) exists, and satisfies limx↗a uφ(x) > uφ(a). If a ∈ [0, 1)
then limx↘a uφ(x) exists, and satisfies uφ(a) > limx↘a uφ(x). In particular, if a ∈ (0, 1)
then

lim
x↗a

uφ(x) > uφ(a) > lim
x↘a

uφ(x). (5.13)
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(iii) |uφ(x)− uφ(y)| 6 Kα,β|φ|α|x− y|α if 0 6 x < y 6 1 satisfy [x, y) ∩ O′β(1) = ∅.
(iv) Lφ(uφ) = uφ.

Proof. For each n ∈ N and x ∈ I, we write

pn(x) := Ln
φ
(0)(x) and qn(x) := sup

m>n
pm(x). (5.14)

Note that, for each x ∈ I, the sequence {qn(x)}n∈N is non-increasing and

uφ(x) = lim
n→+∞

qn(x) = lim sup
n→+∞

pn(x).

(i) Fix n ∈ N. By (5.4), pn is continuous at all points except for Uβ(1), . . . , Un
β (1), and hence

Borel measurable. Combining this with (5.12), uφ is Borel measurable. By Lemma 5.4 (iii),
there exists an n-cylinder In = I(a1, a2, . . . , an) such that

pn(0) = Ln
φ
(0)(0) = Sn,Inφ(yn) = Snφ(yn) (5.15)

where
yn :=

a1
β

+ · · ·+ an
βn
∈ T−nβ (0) r {1}. (5.16)

Define
k := min{i ∈ N0 : aj = 0 for all i+ 1 6 j 6 n}. (5.17)

Case 1. If k = 0, we get that yn = 0 and since 0 is a fixed point of Tβ,

pn(0) = nφ(0) 6 0. (5.18)

Case 2. If k > 0, yn is the right endpoint of a k-full cylinder Ik := I(a1, . . . , ak − 1) by

Proposition 3.24 (iii) and hence by Proposition 3.24 (iv) there is a T k
β,Ik

-fixed point zn in I
k
.

By (5.16), T k
β,Ik

(zn) = zn 6 yn < 1. So by Proposition 3.24 (ii) and (v), we have zn ∈ Ik and

T kβ (zn) = T k
β,Ik

(zn) = zn. Moreover,

Sk,Ikφ(zn) = Skφ(zn) 6 kQ(Tβ, φ) = 0. (5.19)

Since 0 is a fixed point of Tβ, φ(0) 6 Q(Tβ, φ) = 0, and hence combining this with the fact
that T kβ (yn) = 0 (see (5.16)), we obtain

Snφ(yn) = Skφ(yn) + Sn−kφ
(
T kβ (yn)

)
= Skφ(yn) + (n− k)φ(0) 6 Skφ(yn). (5.20)

Since T iβ(yn) 6= 0 for each 0 6 i 6 k − 1, we have T iβ(yn) = U i
β(yn) for each 0 6 i 6 k − 1 by

Remark 3.3. Then by Proposition 3.24 (vii), we have

Skφ(yn) = S
Uβ
k φ(yn) = Sk,Ikφ(yn). (5.21)

Combining (5.15), (5.20), (5.21), Lemma 3.25, and (5.19) gives

pn(0) = Snφ(yn) 6 Skφ(yn) = Sk,Ikφ(yn)− Sk,Ikφ(zn) + Sk,Ikφ(zn) 6 Kα,β|φ|α. (5.22)

Combining Corollary 5.6, (5.18), and (5.22) gives

pn(x) 6 pn(0) +Kα,β|φ|α 6 2Kα,β|φ|α for all x ∈ I, n ∈ N,
so from (5.12) we deduce the upper bound

uφ(x) 6 2Kα,β|φ|α for all x ∈ I. (5.23)

We now seek to derive a lower bound on uφ, via a lower bound on pn(x). Note that

Q(Uβ, φ) = Q(Tβ, φ) = 0 (see Proposition 4.4 (ii)), therefore Q
(
Uβ, S

Uβ
n φ
)

= 0 for all n ∈ N.
Fix an arbitrary n ∈ N. So by Proposition 4.3 (iii) there is a probability measure µ ∈
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Mmax(Uβ, φ) such that
∫
I
S
Uβ
n φ dµ = 0, and combining this with the fact that Sn,Inφ is the

continuous extension of
(
S
Uβ
n φ
)∣∣
Ĩn

(see Proposition 3.24 (vii)), we obtain

0 6 sup
x∈I

{
S
Uβ
n φ
}

= max{Sn,Inφ(w) : In ∈ W n, w ∈ In}.

So there exists In ∈ W n and wn ∈ In with

Sn,Inφ(wn) > 0. (5.24)

Defining y := T nβ,In(wn), Lemma 5.4 (i) and (5.24) give

Ln
φ
(0)(y) = max

{
Sn,Inφ(w) : w = T−nβ,In(y), In ∈ W n

}
> Sn,Inφ(wn) > 0. (5.25)

Combining (5.14), Corollary 5.6, and (5.25) gives

pn(0) = Ln
φ
(0)(0) > Ln

φ
(0)(y)−Kα,β|φ|α > −Kα,β|φ|α. (5.26)

Let yn and k be as in (5.16) and (5.17). When k = 0, we get yn = 0 and pn(0) = nφ(0).
Notice that 1/βn is the right endpoint of In = (0, . . . , 0), combining this with (5.26) gives

pn(1) >
n∑
i=1

φ
(
1/βi

)
> pn(0)− |φ|α

n∑
i=1

β−iα > −2Kα,β|φ|α.

When k > 0, by Proposition 3.24 (iii) and (5.16), we have the full n-cylinder

Jn := I(0, . . . , 0, a1, a2, . . . , ak − 1) ∈ W n
0 ,

with the right endpoint equal to yn/β
n−k, so since ak > 0, Uβ

(
yn/β

n−k) = 1. Then by (5.14)
and Lemma 5.4 (ii),

pn(1) = Ln
φ
(0)(1) = max

{
S
Uβ
n φ(z) : z ∈ U−nβ (1)

}
> S

Uβ
n φ
(
yn/β

n−k). (5.27)

Now by (5.21) and (3.2),

S
Uβ
n φ
(
yn/β

n−k) = S
Uβ
k φ(yn) + S

Uβ
n−kφ

(
yn/β

n−k) = Skφ(yn) +
n−k∑
i=1

φ
(
yn/β

i
)
. (5.28)

Note that φ
(
yn/β

i
)
− φ(0) > −|φ|α

(
yn/β

i
)α

for 1 6 i 6 n− k, so

n−k∑
i=1

φ
(
yn/β

i
)
> (n− k)φ(0)− |φ|α

n−k∑
i=1

(
yn/β

i
)α
. (5.29)

Since
∑n−k

i=1

(
yn/β

i
)α
6
∑∞

i=1 β
−iα = Kα,β, (5.29) gives

n−k∑
i=1

φ
(
yn/β

i
)
> (n− k)φ(0)−Kα,β|φ|α. (5.30)

Combining (5.27), (5.28), (5.30) gives

pn(1) > (n− k)φ(0)−Kα,β|φ|α + Skφ(yn). (5.31)

However, (5.15) and (5.20) together give

(n− k)φ(0) + Skφ(yn) = pn(0). (5.32)

So combining (5.31), (5.32), and (5.26) gives

pn(1) > pn(0)−Kα,β|φ|α > −2Kα,β|φ|α. (5.33)
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If x ∈ I then (5.14), Corollary 5.6, and (5.33) give

pn(x) = Ln
φ
(0)(x) > Ln

φ
(0)(1)−Kα,β|φ|α = pn(1)−Kα,β|φ|α > −3Kα,β|φ|α. (5.34)

By (5.12) and (5.34),

uφ(x) > −3Kα,β|φ|α. (5.35)

The bounds (5.23) and (5.35) together give the required inequality |uφ(x)| 6 3Kα,β|φ|α, so (i)
is proved.

(ii) If x < y then taking u = 0 in Lemma 5.5 gives

Lnφ(0)(x) > Lnφ(0)(y)−Kα,β|φ|α|x− y|α,

and taking the limit supremum, together with (5.12), gives

uφ(x) > uφ(y)−Kα,β|φ|α|x− y|α. (5.36)

If a ∈ [0, 1) then in particular (5.36) holds for all a < x < y, so taking lim infx↘a gives

lim inf
x↘a

uφ(x) > uφ(y)−Kα,β|φ|α|a− y|α, (5.37)

and taking lim supy↘a in (5.37) gives

lim inf
x↘a

uφ(x) > lim sup
y↘a

uφ(y), (5.38)

so limx↘a uφ(x) exists, as required. Now setting x = a in (5.36), and taking limy↘a uφ(y),
gives that

uφ(a) > lim
y↘a

uφ(y), (5.39)

as required.
If a ∈ (0, 1], an analogous argument shows that limx↗a uφ(x) exists, and moreover

lim
x↗a

uφ(x) > uφ(a). (5.40)

If a ∈ (0, 1), the required inequality (5.13) is immediate from (5.39) and (5.40).

(iii) Now suppose x, y ∈ I with x < y and [x, y) ∩ O′β(1) = ∅. For any ε > 0, by (5.14) and
(5.12) there exists N ∈ N such that |pN(x)− uφ(x)| < ε and qN(y)− uφ(y) < ε, so

uφ(x)− uφ(y) < pN(x)− qN(y) + 2ε 6 pN(x)− pN(y) + 2ε 6 Kα,β|φ|α|x− y|α + 2ε, (5.41)

where the final inequality uses (5.4). Similarly, there exists M ∈ N such that |pM(y)−uφ(y)| <
ε and qM(x)− uφ(x) < ε, and an analogous calculation gives

uφ(x)− uφ(y) > −Kα,β|φ|α|x− y|α − 2ε. (5.42)

Since ε > 0 was arbitrary, (iii) follows from (5.41) and (5.42).

(iv) If x ∈ I then by Lemma 5.4 (iv), (v), and (5.14),

Lφ(uφ)(x) = Lφ
(

lim
n→+∞

qn
)
(x) = lim

n→+∞
Lφ
(
sup
m>n
Lm
φ

(0)(x)
)

= lim
n→+∞

(
sup
m>n
Lm+1

φ
(0)(x)

)
= lim

n→+∞
qn+1(x) = uφ(x). �

The following construction of the regularisations of the function uφ is key to our revelation
theorem (Theorem 5.10).
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Definition 5.8. Fix β > 1 and α ∈ (0, 1]. For each φ ∈ C0,α(I), let uφ be the function
defined in (5.12). Since Uβ is left-continuous and upper semi-continuous on (0, 1], we define a
sub-action for (Uβ, φ) by

u−β,φ(x) :=

{
uφ(0) if x = 0,

limy↗x uφ(y) if x ∈ (0, 1].
(5.43)

Since Tβ is right-continuous and lower semi-continuous on [0, 1), we define a sub-action for
(Tβ, φ) by

u+β,φ(x) :=

{
limy↘x uφ(y) if x ∈ [0, 1),

limy↘Tβ(1) uφ(y)− φ(1) if x = 1.
(5.44)

We define the left-continuous revealed version φ̃− and the right-continuous revealed version

φ̃+ by

φ̃− := φ+ u−β, φ − u
−
β, φ ◦ Uβ, (5.45)

φ̃+ := φ+ u+β, φ − u
+
β, φ ◦ Tβ. (5.46)

We are now able to prove a Mañé lemma7 for beta-transformations, involving the above
sub-actions and revealed versions.

Theorem 5.9 (Mañé lemma for beta-transformations). Suppose β > 1, α ∈ (0, 1], and
φ ∈ C0,α(I). Then the following statements are true:

(i) u−β, φ is bounded left-continuous and upper semi-continuous on (0, 1], and u+β, φ is bounded
right-continuous and lower semi-continuous on [0, 1).

(ii) φ̃− 6 0 and φ̃+ 6 0 on I. The function φ̃− is left-continuous on (0, 1], and φ̃+ is
right-continuous on [0, 1).

(iii) If the closed interval [x, y] ⊆ I is disjoint from the orbit O′β(1), then∣∣u−β, φ(x)− u−β, φ(y)
∣∣ 6 Kα,β|φ|α|x− y|α and (5.47)∣∣u+β, φ(x)− u+β, φ(y)
∣∣ 6 Kα,β|φ|α|x− y|α. (5.48)

Remark. If β is a beta-number, then O′β(1) is a finite set, and by Theorem 5.9 (iii), the

functions u−β, φ and u+β, φ are piecewise α-Hölder.

Proof. (i) follows immediately from (5.43), (5.44), and Proposition 5.7 (ii).

(ii) Since Tβ(0) = Uβ(0) = 0 (see (3.1) and (3.2)), by (5.45) and (5.46),

φ̃−(0) = φ̃+(0) = φ(0) 6 0. (5.49)

By (5.1) and Proposition 5.7 (iv),

uβ,φ(x) = max
{
φ(y) + uβ,φ(y) : y ∈ U−1β (x)

}
for x ∈ (0, 1] and (5.50)

uβ,φ(0) = max
{
φ(y) + uβ,φ(y) : y ∈ T−1β (0) r {1}

}
. (5.51)

So for all x ∈ (0, 1], since Uβ(x) ∈ (0, 1] (see (3.2)), then by (5.50) we get

φ(x) + uβ,φ(x) 6 uβ,φ(Uβ(x)). (5.52)

7The term Mañé lemma originated in [Bou00], in view of the resemblance to a result of Mañé [Ma96,
Theorem B] in the context of Lagrangian flows.
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Combining this inequality with (5.45), (5.43), and Lemma 3.4 (i), for all x ∈ (0, 1], we obtain

φ̃−(x) = φ(x) + u−β,φ(x)− u−β,φ(Uβ(x)) 6 0. (5.53)

Combining (5.49) and (5.53) gives φ̃− 6 0 on I. By (5.46) and (5.44),

φ̃+(1) = φ(1) + u+β,φ(1)− u+β,φ(Tβ(1)) = 0. (5.54)

Fix x ∈ (0, 1). If Tβ(x) 6= 0, then Tβ(x) = Uβ(x) (see Remark 3.3) and by (5.52),

φ(x) + uβ,φ(x) 6 uβ,φ(Uβ(x)) = uβ,φ(Tβ(x)).

If Tβ(x) = 0, then by (5.51),

φ(x) + uβ,φ(x) 6 uβ,φ(0) = uβ,φ(Tβ(x)).

Combining the two inequalities above with (5.46), (5.44), and Lemma 3.4 (i), for all x ∈ (0, 1),
we obtain

φ̃+(x) = φ(x) + u+β,φ(x)− u+β,φ(Tβ(x)) 6 0. (5.55)

Combining (5.49), (5.54), and (5.55) gives φ̃+ 6 0 on I. The second part of (ii) follows from
(i) and Lemma 3.4 (i).

(iii) This follows immediately from (5.43), (5.44), and Proposition 5.7 (iii). �

The importance of Theorem 5.9 is in allowing us to establish a form of revelation theorem
(cf. [Je19, Section 5]): the following Theorem 5.10 localises the support of a maximizing

measure as lying in the union of the zero sets of the revealed versions φ̃− and φ̃+, and reveals
that individual points in the support of such a measure have their full orbit, under either Uβ or

Tβ, contained in either
(
φ̃+
)−1

(0) or
(
φ̃−
)−1

(0) respectively. This latter fact will be exploited
in our proof of Theorem 1.2, more specifically in establishing the key Lemma 7.14.

Theorem 5.10 (Revelation theorem). Suppose β > 1, α ∈ (0, 1], φ ∈ C0,α(I), and
µ ∈Mmax(Uβ, φ). Then the following statements are true:

(i) If x ∈ suppµ, then either φ̃− ≡ 0 on O′β(x), or φ̃+ ≡ 0 on Oβ(x).

(ii) If 1 ∈ suppµ then φ̃− ≡ 0 on O′β(1).

In particular, suppµ ⊆
(
φ̃+
)−1

(0) ∪
(
φ̃−
)−1

(0).

Proof. (i) Since φ̃− = φ + u−β, φ − u−β, φ ◦ Uβ (see (5.45)) where u−β, φ is bounded and Borel

measurable (see Proposition 5.7 (i) and (5.43)), and φ = φ − Q(Uβ, φ) is normalised, it

follows from Lemma 5.2 (i) and (ii) that Q(Uβ, φ̃
−) = Q(Uβ, φ) = 0 and Mmax(Uβ, φ) =

Mmax(Uβ, φ) =Mmax(Uβ, φ̃
−). So ∫

φ̃− dµ = 0. (5.56)

Suppose x ∈ suppµ, so that µ((x−ε, x+ε)) > 0 for all ε > 0. Therefore, either µ((x−ε, x]) >
0 for all ε > 0, or µ((x, x+ ε)) > 0 for all ε > 0.

First suppose that

µ((x− ε, x]) > 0 for all ε > 0, (5.57)

and in this case we aim to show that

φ̃− ≡ 0 on O′β(x). (5.58)
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If x = 0, then (5.57) means that µ({0}) > 0, and since φ̃− 6 0, it follows that

0 =

∫
φ̃− dµ 6 µ({0})φ̃−(0),

so that φ̃−(0) = 0, in other words φ̃− ≡ 0 on {0} = O′β(0), so (5.58) holds.
If x 6= 0, we first claim that

µ((y − ε, y]) > 0 for all y ∈ O′β(x) and ε > 0. (5.59)

To prove (5.59), note that 0 /∈ O′β(x) since x 6= 0 (see Proposition 3.13 (i)). Assume

that y ∈ O′β(x) then y = Uk
β (x) for some k ∈ N. By Lemma 3.4 (i), for all ε > 0 there

exists δ > 0 such that Uk
β ((x − δ, x]) ⊆ (y − ε, y]. But µ ∈ M(I, Uβ), so (5.57) implies that

µ((y − ε, y]) = µ
(
U−kβ (y − ε, y]

)
> µ((x− δ, x]) > 0. So (5.59) holds.

Now φ̃− is left-continuous by Theorem 5.9 (ii), so if y ∈ O′β(x) were such that φ̃−(y) < 0,

then there would exist ρ, ε > 0 with φ̃−|(y−ε,y] < −ρ, and (5.59) would imply that∫
φ̃− dµ 6

∫
(y−ε,y]

φ̃− dµ < −ρ µ((y − ε, y]) < 0,

which contradicts (5.56). So φ̃−(y) cannot be strictly negative, but on the other hand φ̃− 6 0

by Theorem 5.9 (ii), therefore φ̃−(y) = 0. Since y was an arbitrary point in O′β(x), we have

shown that φ̃− ≡ 0 on O′β(x), which is the desired statement (5.58).
Now suppose that

µ((x, x+ ε)) > 0 for all ε > 0, (5.60)

and in this case we aim to show that

φ̃+ ≡ 0 on Oβ(x).

Note that (5.60) implies that x 6= 1, and consequently 1 /∈ Oβ(x) by Proposition 3.13 (i). By
arguments analogous to the ones above, Lemma 3.4 (i) first implies that µ((y, y + ε)) > 0 for

all y ∈ Oβ(x) and ε > 0, and then the right-continuity of u+φ , and hence of φ̃+, implies that

φ̃+(y) = 0 for each y ∈ Oβ(x), as required.

(ii) If 1 ∈ suppµ, then (5.57) holds for x = 1, and the argument in (i) above gives (5.58),

in other words φ̃− ≡ 0 on O′β(1), as required. �

Remark 5.11. A consequence of Theorem 5.9, and a counterpoint to Theorem 5.10, is that
φ-maximizing measures can be characterised in terms of the support of their pushforward
under π∗β: specifically, for all β > 1, α ∈ (0, 1], and φ ∈ C0,α(I), there exists a closed
subset K ⊆ Xβ such that a Uβ-invariant measure µ belongs to Mmax(Uβ, φ) if and only if
suppGβ(µ) ⊆ K. To see this, recall from Proposition 4.3 that µ ∈ Mmax(Uβ, φ) if and only
if Gβ(µ) ∈ Mmax(σ|Xβ , φ ◦ hβ), and then the continuity of σ|Xβ and φ ◦ hβ means that the
existence of such a K (a so-called maximizing set in the terminology of Morris [Mo07]) is
guaranteed (using [Mo07, Theorem 1, Proposition 1]) if

sup
n∈N

sup
A∈Xβ

Sσn(φ ◦ hβ)(A) < +∞. (5.61)

The bound (5.61) can be proved using φ̃− and φ̃+, since the sub-actions u−β,φ, u+β,φ are bounded,
together with the fact that Xβ = πβ(I) ∪ π∗β(I) implied by Lemma 4.2 (ii). More precisely, if



32 ZELAI HAO, YINYING HUANG, OLIVER JENKINSON, AND ZHIQIANG LI

A ∈ π∗β(I), with A = π∗β(x), then parts (iv) and (v) of Proposition 3.9, together with (5.45),
give

Sσn(φ ◦ hβ)(A) = S
Uβ
n φ(x) = S

Uβ
n φ̃−(x) + u−φ

(
Un
β (x)

)
− u−φ (x) for all n ∈ N,

and using that φ̃− 6 0 (by Theorem 5.9), together with the bound on the modulus of uφ from
Proposition 5.7 (i) and the definition of u−φ , yields

Sσn(φ ◦ hβ)(A) 6 6Kα,β|φ|α for all n ∈ N. (5.62)

If A ∈ πβ(I) then a similar argument, using φ̃+, gives

Sσn(φ ◦ hβ)(A) 6 2(3Kα,β + 1)|φ|α for all n ∈ N (5.63)

(the righthand side of (5.63) differing from that of (5.62) due to the way u+φ is defined at the
point 1), and (5.62), (5.63) together imply (5.61).

Remark 5.12. In view of Remark 5.11, that characterises maximizing measures in terms of
some support being contained in a maximizing set, a natural question is whether the condition

that suppµ ⊆
(
φ̃+
)−1

(0) ∪
(
φ̃−
)−1

(0), which by Theorem 5.10 is necessary for a Uβ-invariant
measure to be φ-maximizing, is actually sufficient. The answer is no, as we explain below; note
that this contrasts with more familiar systems (e.g. open distance-expanding maps) where a
Mañé lemma can be shown to hold, and the sub-action (and hence the revealed version) can
be shown to be continuous.

Let β ≈ 2.48119 be the largest root of the cubic polynomial ζ3 − 2ζ2 − 2ζ + 2. This is a
non-simple beta-number, with πβ(1) = 2(10)∞.

Define the fixed point z := hβ ((1)∞) = 1
β−1 ≈ 0.675, and the two period-2 points x :=

hβ ((10)∞) = β
β2−1 ≈ 0.481, y := hβ ((01)∞) = 1

β2−1 ≈ 0.194. We will exhibit Lipschitz

functions φ such that the periodic measure µ := 1
2
(δx + δy) is not (Uβ, φ)-maximizing, yet its

support {x, y} is contained in
(
φ̃+
)−1

(0) ∪
(
φ̃−
)−1

(0).

Defining τ(s) := (s + 1)/β, let x1 := hβ (1(10)∞) = τ(x) = β2+β−1
β3−β ≈ 0.597, and define

sequences

ti := hβ
(
(1)i2(10)∞

)
= hβ

(
(1)iπβ(1)

)
= τ i(1) = β−i

(
2 +

i−1∑
j=1

βj
)
, i ∈ N,

yi := hβ
(
(1)i−10(01)∞

)
= τ i−1(y/β) =

βi+1 + βi − β2 − β + 1

βi(β2 − 1)
, i ∈ N.

Note in particular that {ti}i∈N is a backwards orbit of 1 (under Uβ, but not Tβ) converging to
z, that {yi}i∈N is a backwards orbit of y (under both Tβ and Uβ), also converging to z, that
T−1β (x) = U−1β (x) = {y, x1, 1}, and that the relative ordering of the various points is

0 < y1 < y < y2 < x < y3 < x1 < y4 < y5 < y6 < · · · < z < · · · < t3 < t2 < t1 < 1.

For α ∈ (0, 1], let φ ∈ C0,α(I) be non-positive, with φ(y) = −1 and φ(x1) = −2, and
identically zero on the points x, 1, and all points in the two sequences {ti}i∈N and {yi}i∈N.
(For concreteness, φ might be chosen to be the function that is identically zero on the intervals
[0, y1], [y2, y3], and [y4, 1], and affine on each of [y1, y], [y, y2], [y3, x1], [x1, y4], with φ(y) = −1
and φ(x1) = −2, though our analysis does not assume this). Note that φ is normalised,
i.e., Q(Uβ, φ) = 0, since it attains its maximum value 0 at the fixed point z. On the other
hand,

∫
φ dµ = −1/2 < Q(Uβ, φ), so µ /∈Mmax(Uβ, φ).
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For this value of β (and indeed whenever β is a beta-number), it can be shown that the

sub-actions u−β,φ, u+β,φ, defined in (5.43), (5.44), satisfy u−β,φ(r) = lim supn→+∞max
{
S
Uβ
n φ(s) :

s ∈ U−nβ (r)
}

for all r ∈ (0, 1], and u+β,φ(r) = lim supn→+∞max
{
S
Tβ
n φ(s) : s ∈ T−nβ (r)

}
for all

r ∈ [0, 1). Now for each n ∈ N, the point yn ∈ U−nβ (y)∩T−nβ (y), and S
Uβ
n φ(yn) = 0 = S

Tβ
n φ(yn),

thus u−β,φ(y) = 0 = u+β,φ(y). For each n > 2, the point tn−1 ∈ U−nβ (x), and S
Uβ
n φ(tn−1) = 0,

thus u+β,φ(x) = 0. Since the point 1 does not have any pre-images under Tβ, the points tn−1
do not belong to T−nβ (x). Apart from 1, the other two pre-images of x are y and x1, and the
inequality φ(y) > φ(x1), together with the fact that φ ≡ 0 on the backwards orbit {yn}n∈N of y,

means that max
{
S
Tβ
n φ(s) : s ∈ T−nβ (x)

}
= φ(y) = −1 for all n ∈ N, and hence u+β,φ(x) = −1.

Finally, we can evaluate the left-continuous and right-continuous revealed versions at, re-
spectively, the points x and y, to find (cf. (5.45) and (5.46)) that

φ̃−(x) = φ(x) + u−β,φ(x)− u−β,φ(Uβ(x)) = φ(x) + u−β,φ(x)− u−β,φ(y) = 0 + 0 + 0 = 0

and

φ̃+(y) = φ(y) + u+β,φ(y)− u+β,φ(Tβ(y)) = φ(y) + u+β,φ(y)− u+β,φ(x) = −1 + 0 + 1 = 0,

so suppµ = {x, y} ⊆
(
φ̃+
)−1

(0) ∪
(
φ̃−
)−1

(0), as claimed.

6. Emergent numbers

In this section we define the notion of emergent number, establish several alternative char-
acterisations, and show that emergent numbers constitute a small subset of (1,+∞).

Definition 6.1. A real number β > 1 will be called emergent if

Oσ(π∗β(1)) ∩ Sγ = ∅ for all γ ∈ (1, β).

The set of emergent numbers will be denoted by E , and called the emergent set.

Remark 6.2. The intuition behind the terminology emergent, as described in Section 1, and
in view of Lemma 3.17, is that the particular symbolic dynamics of the upper beta-expansion
π∗β(1) has newly emerged at the value β, in the sense that it does not resemble any that has
been witnessed for γ ∈ (1, β). Note in particular that simple beta-numbers are emergent,
whereas non-simple beta-numbers are not emergent.

Recalling from (4.1) that Zβ = {x ∈ I : πβ(x) 6= π∗β(x)}, the following proposition gives two
alternative characterisations of emergent numbers.

Proposition 6.3. Consider β > 1. Then the following are equivalent:

(i) β is emergent.

(ii) O′β(1) ∩Hγ
β ⊆ Zβ for each γ ∈ (1, β).

(iii)
(
Oσ(π∗β(1)), σ

)
is minimal.

Proof. (i) implies (ii): Assume that β is emergent. Let us suppose, for a contradiction, that
the result is false, i.e., that there exists γ ∈ (1, β) and x ∈ I satisfying

x ∈
(
O′β(1) ∩Hγ

β

)
r Zβ.

By Proposition 3.9 (iii), we have Oσ
(
π∗β(1)

)
= π∗β

(
O′β(1)

)
. Since π∗β is continuous at x

(see Lemma 4.2 (iv)), we have π∗β(x) ∈ Oσ(π∗β(1)). Since πβ|Hγ
β

is a homeomorphism (see
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Lemma 3.21) and x ∈ Hγ
β , we have πβ(x) ∈ Sγ. Hence, since x /∈ Zβ we have πβ(x) = π∗β(x) ∈

Oσ(π∗β(1)) ∩ Sγ, which contradicts (see Definition 6.1) the fact that β is emergent.

(ii) implies (i): Assume that β is non-emergent. Then there exists γ ∈ (1, β) such that

Kγ := Sγ ∩Oσ(π∗β(1)) is a non-empty closed subset of Sγ with σ(Kγ) ⊆ Kγ, by Definition 6.1.

Then by Lemma 3.21 and Proposition 3.9 (v), hβ(Kγ) is a non-empty closed subset of Hγ
β

with Tβ(hβ(Kγ)) ⊆ hβ(Kγ). Since hβ is continuous and O′β(1) = hβ
(
Oσ
(
π∗β(1)

))
(see Propo-

sition 3.9 (x), (iii), and (v)), we obtain hβ(Kγ) ⊆ O′β(1). Hence hβ(Kγ) ⊆ O′β(1) ∩Hγ
β .

If hβ(Kγ) ⊆ Zβ, then from the fact that Tβ(hβ(Kγ)) ⊆ hβ(Kγ), and Lemma 4.2 (i), we have
both that 0 ∈ hβ(Kγ) and 0 /∈ Zβ, which is a contradiction. If on the other hand hβ(Kγ) * Zβ
then there exists x ∈ hβ(Kγ) r Zβ. In both cases,

(
O′β(1) ∩Hγ

β

)
r Zβ is non-empty.

(i) implies (iii): Assume that β is emergent. Fix an arbitrary A ∈ Oσ(π∗β(1)). If π∗β(1) ∈
Oσ(A), then Oσ(π∗β(1)) = Oσ(A). So to show that

(
Oσ(π∗β(1)), σ

)
is minimal, it suffices to

verify that π∗β(1) ∈ Oσ(A). If on the contrary π∗β(1) /∈ Oσ(A), then Oσ(A) is a closed subset
of Sβ disjoint from π∗β(1), which is the maximal element in Sβ (see (3.8) and (3.11)). Hence,
from the fact that limγ↗β π

∗
γ(1) = π∗β(1) (see Proposition 3.9 (xiv) and (3.10)), there exists

γ ∈ (1, β) with σn(A) � π∗γ(1) for all n ∈ N0. Hence by (3.11), A ∈ Oσ(π∗β(1)) ∩ Sγ, which
contradicts the assumption that β is emergent.

(iii) implies (i): Assume that β is non-emergent. By Definition 6.1 there exists γ ∈ (1, β)

and some B ∈ Oσ(π∗β(1)) ∩ Sγ. Hence the closure of Oσ(B) is contained in Sγ, and therefore(
Oσ(π∗β(1)), σ

)
is not minimal. �

Example 6.4. As a specific example of an emergent number that is not a simple beta-number,
let F0 = 0, F1 = 01, and Fn+2 = Fn+1Fn, n ∈ N0. The Fibonacci word F is then defined (see
e.g. [Py02]) as the sequence F := 0100101001 . . . , whose prefixes are the Fn, and is a Sturmian
word (see e.g. [Py02]) of parameter (3−

√
5)/2. There exists β ∈ (1, 2) such that πβ(1) = 1F ,

i.e., the concatenation of 1 and F (cf. e.g. [CK04, p. 404]). Clearly, β is not a simple beta-

number. Since (Oσ(1F ), σ) is minimal (cf. [CK04, pp. 397–398]), β is emergent.

Lemma 6.5. If β > 1 is emergent then the restriction Uβ|O′β(1) is continuous, and the dynam-

ical system
(
O′β(1), Uβ

)
is minimal.

Proof. Since β is emergent, then 0 /∈ O′β(1) by Proposition 6.3. Write δ := d
(
0,O′β(1)

)
. By

(3.2), O′β(1) ∩ (y, y + δ/β) = ∅ for each y ∈ Dβ. So for each pair of x, y ∈ O′β(1) with
|x − y| < δ/β, we have (x, y) ∩Dβ = ∅ and hence Uβ(x) − Uβ(y) = β(x − y). The first part
follows.

Let Y ⊆ O′β(1) be an arbitrary non-empty closed subset of O′β(1) with Uβ(Y ) = Y . If

1 ∈ Y , then Y = O′β(1). So to show that
(
O′β(1), Uβ

)
is minimal, it suffices to show that

1 must belong to Y . If on the contrary 1 /∈ Y , then by Lemma 3.20 there exists γ ∈ (1, β)

such that Y ⊆ Hγ
β . But β is emergent, so Y ⊆ O′β(1) ∩ Hγ

β ⊆ Zβ by Proposition 6.3. By
Lemma 4.2 (i), for each y ∈ Y , there exists n ∈ N with Un

β (y) = 1, which contradicts the
assumption that 1 /∈ Y . The lemma follows. �

By the following result, emergent numbers constitute a small subset of (1,+∞).

Corollary 6.6. The emergent set E has zero Lebesgue measure, and is a meagre subset of
(1,+∞).
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Proof. Suppose β ∈ E . By Proposition 6.3,
(
Oσ(π∗β(1)), σ

)
is minimal, so the fixed point (0)∞

does not belong to Oσ(π∗β(1)), and therefore the beta-shift (Sβ, σ) is a specified system (see
[Bl89, Proposition 4.5], [Sc97, Proposition 3.5]). So if Spec denotes the set of those β > 1 such
that (Sβ, σ) is specified, then E ⊆ Spec. But Spec is a meagre subset of (1,+∞) by [Sc97,
Theorem B], and has zero Lebesgue measure by [Sc97, Theorem E], therefore E also has these
properties. �

7. Typical periodic optimization

The main goal of this section is to prove the theorems stated in Section 1. Our proofs
rely on the properties of two important sets, Critα(β) and Rα(β). Some characterisations of
the set Critα(β), consisting of functions where the critical orbit is maximizing, are given in
Subsection 7.1. In Subsection 7.2, we first define the local (periodic) locking set Rα(β) ⊆
C0,α(I) which consists of φ ∈ C0,α(I) satisfying φ|Hγ

β
∈ Lockα

(
Tβ|Hγ

β

)
for all simple beta-

numbers γ ∈ (1, β). We then prove that Rα(β) is dense in C0,α(I) (Proposition 7.8). Next
we prove Theorems 1.2 and 1.4 in Subsections 7.3 and 7.4. Theorem 1.1 follows directly from
Theorems 1.2 and 1.4 (see Subsection 7.5).

7.1. The set Critα(β).

Definition 7.1. For β > 1 and α ∈ (0, 1], define

Critα(β) :=
{
φ ∈ C0,α(I) : O′β(1) is a maximizing orbit for (Uβ, φ)

}
. (7.1)

This naturally prompts an investigation into those invariant measures that are generated
by the orbit of the point 1. It is convenient to first define the following notions in Xβ:

Definition 7.2. For β > 1, define the empirical measure µn on Xβ by

µn :=
1

n

n−1∑
i=0

δσi(π∗β(1)).

A measure µ ∈M(Xβ, σ) is said to be quasi-generated by Oσ
(
π∗β(1)

)
if it is an accumulation

point of the sequence {µn}n∈N. Let QG(β) denote the set of measures that are quasi-generated
by Oσ(π∗β(1)) and let CQG(β) denote the convex hull of QG(β).

Clearly QG(β) ⊆ M
(
Oσ(π∗β(1)), σ

)
, and hence CQG(β) ⊆ M

(
Oσ(π∗β(1)), σ

)
. The set

QG(β) is known to be weak∗ closed (see [DGS76, Proposition 3.8] and [Gla03, p. 98]), hence
CQG(β) is weak∗ closed.

The above notions lead to an alternative expression for Critα(β):

Lemma 7.3. Suppose β > 1 and α ∈ (0, 1]. Then

Critα(β) =
{
φ ∈ C0,α(I) : Hβ(CQG(β)) ⊆Mmax(Uβ, φ)

}
. (7.2)

Moreover, Critα(β) is a closed subset of C0,α(I).

Proof. We first verify (7.2). By (7.1), Proposition 3.9 (v), and Proposition 4.3 (iii),

φ ∈ Critα(β) if and only if Oσ
(
π∗β(1)

)
is (σ|Xβ , φ ◦ hβ)-maximizing. (7.3)

Assume that φ ∈ Critα(β). Then (7.3) implies that

lim
n→+∞

1

n
Sσn(φ ◦ hβ)

(
π∗β(1)

)
= Q(σ|Xβ , φ ◦ hβ),
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and therefore QG(β) ⊆ Mmax(σ|Xβ , φ ◦ hβ). Hence CQG(β) ⊆ Mmax(σ|Xβ , φ ◦ hβ). By
Proposition 4.3 (i) and (iii), it follows that Hβ(CQG(β)) ⊆Mmax(Uβ, φ).

Conversely, assume that φ /∈ Critα(β). By [Je19, Theorem 2.2],

lim sup
n→+∞

1

n
Sσn(φ ◦ hβ)

(
π∗β(1)

)
6 Q(σ|Xβ , φ ◦ hβ),

but the fact that φ /∈ Critα(β) means there exists a subsequence nk ↗ +∞ such that

lim
k→+∞

1

nk
Sσnk(φ ◦ hβ)

(
π∗β(1)

)
< Q(σ|Xβ , φ ◦ hβ).

Hence any accumulation point of the sequence {µnk}k∈N, which belongs to QG(β) by Defini-
tion 7.2, cannot belong toMmax(σ|Xβ , φ ◦ hβ). By Proposition 4.3 (i) and (iii), it follows that
Hβ(CQG(β)) is not contained in Mmax(Uβ, φ).

We then prove that Critα(β) is a closed subset of C0,α(I). If φn ∈ Critα(β), then∫
φn dµ = Q(Uβ, φn) (7.4)

for all µ ∈ Hβ(CQG(β)), by (7.2). If φn → φ in (C0,α(I), ‖ · ‖α), then
∫
φn dµ →

∫
φ dµ for

all µ ∈ Hβ(CQG(β)). But Q(Uβ, ·) is (1-Lipschitz) continuous, so Q(Uβ, φn)→ Q(Uβ, φ), and
therefore (7.4) implies that

∫
φ dµ = Q(Uβ, φ) for all µ ∈ Hβ(CQG(β)). So Hβ(CQG(β)) ⊆

Mmax(Uβ, φ). Hence φ ∈ Critα(β) by (7.2), and therefore Critα(β) is closed. �

If β > 1 is emergent, the following lemma gives another characterisation of Critα(β).

Lemma 7.4. Assume that β > 1 is emergent, α ∈ (0, 1], and φ ∈ C0,α(I). Then the following
are equivalent:

(i) φ ∈ Critα(β).

(ii) Hβ(CQG(β)) ⊆Mmax(Uβ, φ).

(iii) 1 ∈ suppµ for some µ ∈Mmax(Uβ, φ).

Proof. By Lemma 7.3, (i) is equivalent to (ii), so it suffices to prove that (i) is equivalent to (iii).
For this, first assume that φ ∈ Critα(β), so that O′β(1) is (Uβ, φ)-maximizing. Suppose that µ

is any accumulation point of
{

1
n

∑n−1
i=0 δU iβ(1)

}
n∈N. Note that O′β(1) is compact, Uβ

(
O′β(1)

)
=

O′β(1), and Uβ|O′β(1) is continuous (see Lemma 6.5). We obtain that suppµ ⊆ O′β(1) and

µ ∈M
(
O′β(1), Uβ|O′β(1)

)
(see [Wa82, Theorem 6.9]). Hence µ is also Uβ-invariant as a measure

on I. In addition, µ ∈Mmax(Uβ, φ) since O′β(1) is (Uβ, φ)-maximizing. But β is emergent, so(
O′β(1), Uβ

)
is minimal by Lemma 6.5. Note that µ can be seen as a measure on O′β(1) and it

follows from [Ak93, p. 156] that Uβ(suppµ) = suppµ. Hence suppµ must equal O′β(1), and
in particular 1 ∈ suppµ.

Conversely, if we assume that 1 ∈ suppµ for some µ ∈ Mmax(Uβ, φ), then (5.45), Theo-
rem 5.9, 5.10 (ii), and Lemma 5.2 (iii) together imply that O′β(1) is a maximizing orbit for
(Uβ, φ), and hence that φ ∈ Critα(β). �

Lemma 7.5. Suppose β > 1, α ∈ (0, 1], and φ ∈ C0,α(I). If 1 /∈ suppµ for some µ ∈
Mmax(Uβ, φ), then there exists β′ ∈ (1, β) such that Qβ,γ(φ) = Q(Uβ, φ) for all γ ∈ (β′, β).

Proof. Suppose µ ∈ Mmax(Uβ, φ) and 1 /∈ suppµ =: K. It follows that µ ∈ M(I, Tβ) by
Proposition 3.13 (iii), and Tβ(K) = K by Lemma 3.14. Therefore, by Lemma 3.20, there
exists β′ ∈ (1, β) such that K ⊆ Hγ

β for all γ ∈ (β′, β). In particular, µ can be considered
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as an element of M
(
Hγ
β , Tβ

)
for all γ ∈ (β′, β), and thus Qβ,γ(φ) = Q(Uβ, φ) by (3.14), as

required. �

If β is emergent, we have the following corollary:

Corollary 7.6. Suppose β > 1 is emergent, α ∈ (0, 1], and φ ∈ C0,α(I) r Critα(β). Then
there exists β′ ∈ (1, β) such that Qβ,γ(φ) = Q(Uβ, φ) for all γ ∈ (β′, β).

Proof. Proposition 4.3 (iii) implies Mmax(Uβ, φ) 6= ∅. Since φ /∈ Critα(β), Lemma 7.4 implies
that if µ ∈Mmax(Uβ, φ) then 1 /∈ suppµ. The corollary now follows from Lemma 7.5. �

7.2. The set Rα(β). In this subsection, we use the approximation method developed in
Subsection 3.2 to prove a key result (Proposition 7.8).

Definition 7.7. For each β > 1, denote the set of simple beta-numbers contained in (1, β)
by Sim(β).

For each β > 1 and each α ∈ (0, 1], we define Rα(β) ⊆ C0,α(I) by

Rα(β) :=
{
φ ∈ C0,α(I) : φ|Hγ

β
∈ Lockα

(
Tβ|Hγ

β

)
for all γ ∈ Sim(β)

}
.

Proposition 7.8. For all β > 1, α ∈ (0, 1], the set Rα(β) is dense in C0,α(I).

To prove Proposition 7.8, we mainly use the approximation method. For each β ∈ (1,+∞),
by [Pa60, Theorem 5], Sim(β) is dense in (1, β). By Definition 3.10, γ ∈ Sim(β) if and only if
πβ(1) has finitely many non-zero terms and γ ∈ (1, β). Note that the function i1, as defined in
Definition 3.7, is by Proposition 3.9 (xiii) a strictly increasing map from (1, β) to BN. Hence
we obtain that Sim(β) is countable. Let us enumerate Sim(β) = {γ1, . . . , γn, . . . }. Then for
each φ ∈ C0,α(I), we use Theorem 7.9 below to get a sequence of functions {φn}n∈N in C0,α(I)
sufficiently close to φ such that φn|Hγn

β
∈ Lockα

(
Tβ|Hγn

β

)
for each n ∈ N. Next, we check that

{φn}n∈N converges to a function φ∞ ∈ C0,α(I) near φ.
Another crucial ingredient in the proof of Proposition 7.8 is the following typical periodic

optimization theorem due to Contreras [Co16, Theorem A] (the statement below is closer to
the reformulation of Bochi [Boc19]):

Theorem 7.9 ([Co16]). If X is a compact metric space and T : X → X is a Lipschitz
continuous open distance-expanding map, and α ∈ (0, 1], then Lockα(T ) is an open and dense
subset of C0,α(X).

Remark 7.10. The definition of expanding used in [Co16] is precisely what we here call open
distance-expanding and Lipschitz continuous. Note that Contreras’ result has been extended
in [HLMXZ19] to uniformly hyperbolic systems.

In the proof of Proposition 7.8 below, we will need to extend a Hölder function, defined on
a subset of I, to the whole of I, without increasing its norm. The following lemma guarantees
that this can be done.

Lemma 7.11. For α ∈ (0, 1], ∅ 6= K ⊆ I, and φ ∈ C0,α(K), there exists ψ ∈ C0,α(I) such
that ψ|K = φ and ‖ψ‖α,I = ‖φ‖α,K.

Proof. It follows immediately from the McShane extension theorem ([We18, Theorem 1.33]).
�

Proof of Proposition 7.8. Let ε > 0 and φ ∈ C0,α(I) be arbitrary. Since Sim(β) is countable,
we write

Sim(β) = {γ1, . . . , γn, . . . }.
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We will recursively construct a sequence of functions {φn}n∈N in C0,α(I), and two sequences
of positive numbers {δn}n∈N and {en}n∈N below:

Base step. Define φ0 := φ and δ0 := 1.

Recursive step. For n ∈ N, assume that φ0, . . . , φn−1, δ0, . . . , δn−1 are defined. Define

en := min{2−nε, 2−nδ0, . . . , 2−1δn−1}. (7.5)

Since γn is a simple beta-number, Proposition 3.22 gives that Tβ|Hγn
β

is Lipschitz continuous,

open, and distance-expanding, and then Contreras’ Theorem 7.9 guarantees that there exists
ψn ∈ C0,α

(
Hγn
β

)
satisfying

ψn ∈ Lockα
(
Tβ|Hγn

β

)
and

∥∥φn−1|Hγn
β
− ψn

∥∥
α,Hγn

β

< en.

Applying Lemma 7.11, for the subset Hγn
β ⊆ I and function φn−1|Hγn

β
− ψn, we obtain an

α-Hölder extension function Φn defined on all of I, and with the same α-Hölder norm, in
other words, there exists Φn ∈ C0,α(I) satisfying Φn|Hγn

β
= φn−1|Hγn

β
− ψn and ‖Φn‖α,I < en.

Defining φn := φn−1 − Φn then gives

φn|Hγn
β

= ψn and ‖φn−1 − φn‖α,I < en. (7.6)

Finally, δn is defined to be any value such that{
Φ ∈ C0,α

(
Hγn
β

)
:
∥∥Φ− φn|Hγn

β

∥∥
α,Hγn

β

< δn
}
⊆ Lockα

(
Tβ|Hγn

β

)
, (7.7)

where again Theorem 7.9 and Proposition 3.22 guarantee that such a δn exists. Since each of
en, φn, and δn have been defined, the recursive step is complete.

By (7.6) and (7.5), {φn}n∈N converges uniformly to some φ∞ ∈ C0,α(I), and

‖φ− φ∞‖α,I 6
+∞∑
n=1

‖φn−1 − φn‖α,I <
+∞∑
n=1

en 6 ε. (7.8)

For each n ∈ N, from (7.5) it follows that
∑+∞

i=n+1 ei 6 δn and then∥∥φn|Hγn
β
− φ∞|Hγn

β

∥∥
α,Hγn

β

6 ‖φn − φ∞‖α,I 6
+∞∑
i=n

‖φi − φi+1‖α,I <
+∞∑
i=n+1

ei 6 δn. (7.9)

But (7.7) and (7.9) mean that φ∞|Hγn
β
∈ Lockα(Tβ|Hγn

β
) for all n ∈ N, in other words, φ∞ ∈

Rα(β). But ε > 0 was arbitrary, so the result follows. �

Corollary 7.12. For all β > 1 and α ∈ (0, 1], the set Rα(β) r Critα(β) is a dense subset of
C0,α(I) r Critα(β).

Proof. It follows immediately from the fact that Rα(β) is dense in C0,α(I) by Proposition 7.8,
and Critα(β) is closed in C0,α(I) by Lemma 7.3. �

7.3. Proof of Theorem 1.4.

Corollary 7.13. If β > 1 is emergent and α ∈ (0, 1], then

Rα(β) r Critα(β) ⊆Pα(β) r Critα(β). (7.10)

Proof. Suppose φ ∈ Rα(β) r Critα(β). By Corollary 7.6, there is a simple beta-number
γ0 ∈ (1, β) such that

Qβ,γ0(φ) = Q(Uβ, φ). (7.11)
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The fact that φ ∈ Rα(β) implies that

φ|Hγ0
β
∈ Lockα

(
Tβ|Hγ0

β

)
⊆Pα

(
Tβ|Hγ0

β

)
.

So there exists a periodic measure µ ∈M(I, Tβ) ⊆M(I, Uβ) (see Proposition 3.13 (iii)) such
that ∫

φ dµ = Qβ,γ0(φ). (7.12)

So from (7.11) and (7.12) we see that the periodic measure µ satisfies
∫
φ dµ = Q(Uβ, φ), and

therefore φ ∈Pα(β). But φ /∈ Critα(β), so (7.10) follows. �

We require the following result, whose proof will be deferred to Appendix A.

Theorem A.1. If β > 1 and α ∈ (0, 1], then the set Lockα(β) is an open and dense subset
of Pα(β).

Recall that Theorem 1.4 asserts:

Theorem 1.4. If β > 1 is emergent and α ∈ (0, 1], then C0,α(I) is equal to the union of
Critα(β) and the closure of the open set Lockα(β).

Proof of Theorem 1.4. Fix an arbitrary β > 1 that is emergent and α ∈ (0, 1]. We wish to
show that Lockα(β) r Critα(β) is dense in C0,α(I) r Critα(β). By Theorem A.1 and the fact
that Critα(β) is closed (see Lemma 7.3), it suffices to prove that Pα(β)rCritα(β) is dense in
C0,α(I)rCritα(β). The setRα(β)rCritα(β) is a subset of Pα(β)rCritα(β) by Corollary 7.13,
and is dense in C0,α(I) r Critα(β), by Corollary 7.12. Therefore Pα(β) r Critα(β) is itself
dense in C0,α(I) r Critα(β), as required. �

7.4. Proof of Theorem 1.2.

Lemma 7.14. Suppose that β > 1 is non-emergent, α ∈ (0, 1], and φ ∈ C0,α(I). Then there
exists β′ ∈ (1, β) such that Qβ,β′(φ) = Q(Uβ, φ).

Proof. By Proposition 4.3 (iii) there exists µ ∈Mmax(Uβ, φ). Let us denote K := suppµ.

If 0 ∈ K, then φ̃+(0) = 0 = Q
(
Uβ, φ̃

+
)

or φ̃−(0) = 0 = Q
(
Uβ, φ̃

−) by Theorems 5.10 (i)
and 5.9 (ii), so δ0 ∈ Mmax(Uβ, φ) (by (5.46) and Theorem 5.9 (i)), and therefore Qβ,γ(φ) =
Q(Uβ, φ) for every γ ∈ (1, β).

If 0 /∈ K then Uβ(K) = K by Lemma 3.14. Let us assume, for a contradiction, that the
result is false, i.e., that

Qβ,γ(φ) < Q(Uβ, φ) for all γ ∈ (1, β). (7.13)

Lemma 7.5 then implies that 1 ∈ K. Since β is non-emergent, Proposition 6.3 implies that
there exists γ ∈ (1, β) such that O′β(1) ∩Hγ

β is not a subset of Zβ, where we recall from (4.1)

that Zβ = {x ∈ I : πβ(x) 6= π∗β(x)}. But 1 ∈ K, so O′β(1) ⊆ K, and therefore K ∩Hγ
β is not a

subset of Zβ, in other words, there exists x ∈
(
K ∩Hγ

β

)
r Zβ.

By Lemma 4.2 (iii), the orbit Oβ(x) is equal to O′β(x), and it is contained in K ∩Hγ
β since

Uβ(K) = K and Tβ(Hγ
β ) ⊆ Hγ

β . By Theorem 5.10 (i), φ̃+|Oβ(x) ≡ 0 or φ̃−|Oβ(x) ≡ 0. In other

words, Oβ(x) is contained in either (φ̃−)−1(0) or (φ̃+)−1(0). Since φ̃− 6 0 and φ̃+ 6 0 (by
Theorem 5.9 (ii)), Lemma 5.2 (iii) implies that Oβ(x) = O′β(x) is a (Tβ, φ)-maximizing orbit
and a (Uβ, φ)-maximizing orbit (by Proposition 4.4 (ii)), so in particular,

lim
n→+∞

1

n
Snφ(x) = Q(Uβ, φ). (7.14)
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Now Oβ(x) ⊆ Hγ
β and Tβ|Hγ

β
is continuous (see Proposition 3.22 (i)), so by [Je19, Theo-

rem 2.2], the corresponding time average is bounded above by the maximum ergodic average,
in other words,

Qβ,γ(φ) > lim
n→+∞

1

n
Snφ(x). (7.15)

Now as an immediate consequence of (3.14), we have Q(Uβ, φ) > Qβ,γ(φ). So combining
this inequality with (7.14) and (7.15) gives Q(Uβ, φ) = Qβ,γ(φ), which gives the required
contradiction to (7.13). The lemma follows. �

Corollary 7.15. Suppose β > 1 is non-emergent, α ∈ (0, 1], and φ ∈ C0,α(I). Then there
exists β′ ∈ (1, β) such that

Qβ,γ(φ) = Q
(
Uβ, φ

)
for all γ ∈ [β′, β). (7.16)

Proof. Let β′ be as in Lemma 7.14. If γ ∈ [β′, β) then

Qβ,β′(φ) 6 Qβ,γ(φ) 6 Q(Uβ, φ), (7.17)

an immediate consequence of (3.14), since Hβ′

β ⊆ Hγ
β ⊆ I. But Q(Uβ, φ) = Qβ,β′(φ), by

Lemma 7.14, so (7.17) implies the required equality (7.16). �

The proof of the following result is similar to that of Corollary 7.13:

Corollary 7.16. If β > 1 is non-emergent, then Rα(β) ⊆Pα(β).

Proof. Suppose φ ∈ Rα(β). By Corollary 7.15, there exists β′ ∈ (1, β) such that Qβ,γ(φ) =
Q
(
Uβ, φ

)
for all γ ∈ [β′, β), so in particular there is a simple beta-number γ0 ∈ (1, β) such

that
Qβ,γ0(φ) = Q(Uβ, φ). (7.18)

The fact that φ ∈ Rα(β) means that

φ|Hγ0
β
∈ Lockα

(
Tβ|Hγ0

β

)
⊆Pα

(
Tβ|Hγ0

β

)
.

So there exists a periodic measure µ ∈M(I, Tβ) ⊆M(I, Uβ) (see Proposition 3.13 (iii)) such
that ∫

φ dµ = Qβ,γ0(φ). (7.19)

Thus from (7.18), (7.19) we see that the periodic measure µ satisfies
∫
φ dµ = Q(Uβ, φ).

Therefore φ ∈Pα(β), as required. �

Recall that Theorem 1.2 asserts:

Theorem 1.2. If β > 1 is non-emergent and α ∈ (0, 1], then Lockα(β) is an open and dense
subset of C0,α(I).

Proof of Theorem 1.2. Now Lockα(β) is by definition an open subset of C0,α(I), and The-
orem A.1 asserts that Lockα(β) is dense in Pα(β), so it suffices to prove that Pα(β) is
dense in C0,α(I). Since β > 1 is non-emergent, Corollary 7.16 gives Rα(β) ⊆ Pα(β), and
Rα(β) is dense in C0,α(I) by Proposition 7.8. So it follows that Pα(β) is dense in C0,α(I), as
required. �

Recall that Corollary 1.3 asserts:

Corollary 1.3. Fix α ∈ (0, 1]. For a set of values β > 1 which is both residual and of full
Lebesgue measure, the periodic locking set Lockα(β) is an open and dense subset of C0,α(I).
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Proof of Corollary 1.3. By Corollary 6.6, the set (1,+∞) r E of non-emergent numbers has
zero Lebesgue measure, and is a residual subset of (1,+∞). By Theorem 1.2, if β ∈ (1,+∞)rE
then Lockα(β) is open and dense in C0,α(I), so the result follows. �

7.5. Proof of Theorem 1.1. Recall that Theorem 1.1 asserts:

Theorem 1.1. For a beta-number β > 1 and any α ∈ (0, 1], the set Lockα(β) is an open and
dense subset of C0,α(I).

Proof of Theorem 1.1. Assume that β is a non-simple beta-number. Then Oσ
(
π∗β(1)

)
is prepe-

riodic but not periodic. So Oσ(π∗β(1)) = Oσ
(
π∗β(1)

)
and

(
Oσ
(
π∗β(1)

)
, σ
)

is not minimal. Hence
β is non-emergent by Proposition 6.3. So the result follows from Theorem 1.2.

Assume that β is a simple beta-number. Then O′β(1) and Oσ
(
π∗β(1)

)
are periodic, so

Oσ(π∗β(1)) = Oσ
(
π∗β(1)

)
and

(
Oσ
(
π∗β(1)

)
, σ
)

is minimal. Hence β is emergent by Proposi-

tion 6.3. Theorem 1.4 gives that C0,α(I) is equal to the union of Critα(β) and the closure
of Lockα(β), so it suffices to show that Critα(β) is a subset of the closure of Lockα(β). If
φ ∈ Critα(β) then from (7.2) we see that the periodic measure supported by O′β(1) is (Uβ, φ)-
maximizing, so φ ∈ Pα(β), and therefore φ belongs to the closure of Lockα(β) by Theo-
rem A.1. Theorem 1.1 follows. �

Appendix A. Periodic locking and periodic optimization

The purpose of this appendix is to consider the set Lockα(β) ⊆Pα(β) (see Section 1) and
prove the following:

Theorem A.1. If β > 1 and α ∈ (0, 1], then the set Lockα(β) is an open and dense subset of
Pα(β).

A statement analogous to Theorem A.1 appeared as Remark 4.5 in [YH99] for maps with
hyperbolicity, and as Proposition 1 in the unpublished note [BZ15] for continuous maps. In
view of the slightly different setting here, and the folklore status of this result, a full proof,
using ideas from [BZ15], is included for the convenience of the reader.

Lemma A.2. Suppose β > 1, α ∈ (0, 1], and let µ ∈ M(I, Uβ) be supported on a periodic
orbit O′ of Uβ. Then there exists Cµ > 0 such that for all ν ∈M(I, Uβ) and φ ∈ C0,α(I),∫

I

φ dν 6
∫
I

φ dµ+ Cµ|φ|α,I
∫
I

d(·,O′)α dν. (A.1)

Proof. Let us write n := cardO′.
Case 1. If n = 1 then O′ = {y} for some y ∈ I, and (A.1) holds with Cµ = 1 because∫

I
φ dν 6

∫
I
(φ(y) + |φ|α,Id(·, y)α) dν =

∫
I
φ dµ+ |φ|α,I

∫
I
d(·,O′)α dν,

Case 2. If n > 1 then by ergodic decomposition, it suffices to prove (A.1) for every ergodic
ν ∈ M(I, Uβ). Fixing an arbitrary ergodic ν ∈ M(I, Uβ), the ergodic theorem implies that
there exists a ∈ I with ∫

I

φ dν = lim
k→+∞

1

k
S
Uβ
k φ(a) and (A.2)∫

I

d(·,O′)α dν = lim
k→+∞

1

k

k−1∑
i=0

d
(
U i
β(a),O′

)α
. (A.3)
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Claim. There exists Cµ > 0 and a sequence y = {yi}+∞i=−1 with entries from O′ such that

lim
k→+∞

1

k
card{i ∈ [0, k − 1] ∩ N0 : yi = y} =

1

n
for each y ∈ O′ and (A.4)

∣∣U i
β(a)− yi

∣∣ 6 C1/α
µ d

(
U i
β(a),O′

)
for each i ∈ N. (A.5)

Note that a consequence of this Claim is, by (A.2), (A.5), (A.4), and (A.3), that∫
I

φ dν = lim
k→+∞

1

k

k−1∑
i=0

φ
(
U i
β(a)

)
6 lim

k→+∞

1

k

k−1∑
i=0

(
φ(yi) + |φ|α,I

∣∣U i
β(a)− yi

∣∣α)
6 lim

k→+∞

1

k

k−1∑
i=0

(
φ(yi) + Cµ|φ|α,Id

(
U i
β(a),O′

)α)
=

1

n

∑
y∈O′

φ(y) + Cµ|φ|α,I lim
k→+∞

1

k

k−1∑
i=0

d
(
U i
β(a),O′

)α
=

∫
I

φ dµ+ Cµ|φ|α,I
∫
I

d
(
·,O′

)α
dν.

So the required inequality (A.1) will hold, and the lemma will follow.

Proof of Claim. Our discussion will be divided into 2 cases. In each case it will be convenient
to write ∆(O′) := min{d(x, y) : x, y ∈ O′, x 6= y}.

Case 1. Assume that O′ is not the orbit of 1 under Uβ. By Proposition 3.13 (i), we have
Dβ ∩ O′ = ∅. Set

δ := 2−1∆(O′) (A.6)

and ε∗ := (1/2)β−nd(O′, Dβ), so that Uk
β |B(O′,ε∗) is continuous for all 0 6 k 6 n− 1. For each

x ∈ O′, there exists εx ∈ (0, ε∗) such that
∣∣U i

β(x)− U i
β(y)

∣∣ < δ for all y ∈ (x− εx, x+ εx) and
0 6 i 6 n− 1. Moreover, if ε := min{εx : x ∈ O′} then∣∣Uk

β (x)− Uk
β (y)

∣∣ < δ (A.7)

for all x ∈ O′, y ∈ B(x, ε), and 0 6 k 6 n− 1.
The sequence y is constructed recursively as follows.

Base step. Choose an arbitrary y−1 ∈ O′, and mark y−1 as a bad point.

Recursive step. For some t ∈ N0, assume that y−1, y0, . . . , yt−1 are defined.
If d
(
U t
β(a),O′

)
< ε, choose yt ∈ O′ such that d

(
U t
β(a),O′

)
=
∣∣U t

β(a)− yt
∣∣, set yt+i := U i

β(yt)
for each 1 6 i 6 n− 1, and mark yt, yt+1, . . . , yt+n−1 as good points.

If d
(
U t
β(a),O′

)
> ε, let pt be the number of bad points in {y−1 , y0, . . . , yt−1}, then set

yt := Upt
β (y−1) and mark yt as a bad point.

Note that the required (A.4) is immediate from the above construction. To prove (A.5),
note that for each bad point yi, i ∈ N0, we have d

(
U i
β(a),O′

)
> ε > εd

(
U i
β(a), yi

)
, and for each

good point yi, we obtain d
(
U i
β(a),O′

)
= d

(
U i
β(a), yi

)
by (A.6), (A.7), and our construction.

Therefore (A.5) holds by choosing Cµ := max{1, ε−α}, so the Claim is proved for Case 1.
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Case 2. Assume that O′ is the orbit of 1 under Uβ. By Remark 3.11, β is a simple beta-
number. By Proposition 3.13 (i), Dβ ∩ O′(1) = U−1β (1) ∩ O′ =

{
Un−1
β (1)

}
. Set

δ′ := min
{

2−1∆(O′(1)), 2−1d(0,O′(1))
}
. (A.8)

For each 0 6 i 6 n − 1 and zi := U i
β(1), we claim that there exists εi > 0 satisfying the

following properties:

(1)
∣∣U j

β(zi)− U j
β(y)

∣∣ < δ′ for all y ∈ (zi − εi, zi], 0 6 j 6 n− 1.

(2)
∣∣U j

β(zi)− U j
β(y)

∣∣ < δ′ for all y ∈ (zi, zi + εi), 0 6 j 6 n− i− 1.

(3)
∣∣U j

β(y)
∣∣ < δ′ for all y ∈ (zi, zi + εi), n− i 6 j 6 n− 1.

Indeed, by Lemma 3.4 (i), limy↗x U
j
β(y) = U j

β(x)− for each x ∈ (0, 1] and each j ∈ N. Thus,
there exists εi,1 > 0 satisfying property (1).

Now let Ai := ∅ when i = n− 1 and Ai :=
{
zi, . . . , U

n−i−2
β (zi)

}
when i < n− 1. Note that

Uβ is continuous on Ai for each 0 6 i 6 n− 1 since Ai ∩Dβ = ∅, so if 0 6 j 6 n− i− 1 then

U j
β is continuous at zi and limy↘zi U

j
β(y) = U j

β(zi)
+. Hence, there exists εi,2 > 0 satisfying

property (2).
Since Un−1

β (1) ∈ Dβ, by (3.2), we get that limy↘zi U
j
β(y) = 0 for each n − i 6 j 6 n − 1.

Thus, there exists εi,3 > 0 satisfying property (3).
Defining εi := min{εi,1, εi,2, εi,3}, we see that εi satisfies properties (1), (2), and (3).
Now define ε′ := min{εi : 0 6 i 6 n − 1}, and construct y as in Case 1, except that

ε and δ are replaced, respectively, by ε′ and δ′. Then (A.4) holds immediately, while for
each bad point yi, i ∈ N0, we have d

(
U i
β(a),O′

)
> ε′ > ε′d

(
U i
β(a), yi

)
, and for each good

point yi, by (A.8) and properties (1), (2), and (3), either d
(
U i
β(a),O′

)
= d

(
U i
β(a), yi

)
or

d
(
U i
β(a),O′

)
> δ′ > δ′d

(
U i
β(a), yi

)
. Hence (A.5) holds if we take Cµ := min{(ε′)−α, (δ′)−α, 1},

so the Claim is proved for Case 2. �

Having established Lemma A.2, we are now ready to prove Theorem A.1.

Proof of Theorem A.1. If φ ∈Pα(β), choose µ ∈Mmax(Uβ, φ) supported on a periodic orbit
O′ of Uβ, and for each t > 0 define

φt := φ− td(·,O′)α ∈ C0,α(I).

Clearly φt belong to C0,α(I), and converge to φ as t → 0. By Lemma A.2, if t > 0, ν ∈
M(I, Uβ) r {µ}, and ψ ∈ C0,α(I) with ‖ψ‖α,I < t/Cµ, then∫

I

(φt + ψ) dν =

∫
I

φ dν +

∫
I

ψ dν − t
∫
I

d(·,O′)α dν

6
∫
I

φ dµ+

∫
I

ψ dµ+ (Cµ|ψ|α,I − t)
∫
I

d(·,O′)α dν

=

∫
I

(φt + ψ) dµ+ (Cµ|ψ|α,I − t)
∫
I

d(·,O′)α dν

<

∫
I

(φt + ψ) dµ,

so Mmax

(
Uβ, φt + ψ

)
= {µ}, and consequently, φt ∈ Lockα(β). Hence, Lockα(β) is dense in

Pα(β). Moreover, from their definitions, Lockα(β) is an open subset of Pα(β), therefore the
theorem is established. �
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Remark A.3. Using the proof above, we provide a counter-example for the TPO Conjecture
for Tβ when β is a simple beta-number. Let β > 1 be a simple beta-number and α ∈ (0, 1],
define φ := −d

(
·,O′β(1)

)α
. According to the proof above, φ has the locking property in

C0,α(I) with the unique Uβ-maximizing measure equal to µO′β(1). Since µO′β(1) is not a Tβ-

invariant measure, by Proposition 4.4 (ii) and M(I, Tβ) ⊆ M(I, Uβ) (Proposition 3.13 (iii)),
any function sufficiently close to φ has no Tβ-maximizing measure, and consequently does not
have the locking property in C0,α(I).

References

[AB07] Adamczewski, B. and Bugeaud, Y., Dynamics for β-shifts and Diophantine approximation.
Ergodic Theory & Dynam. System 27 (2009), 1695–1711.

[Ak93] Akin, E., The general topology of dynamical systems, volume 1 of Grad. Stud. Math., Amer. Math.
Soc., Providence, RI, 1993.

[AJ09] Anagnostopoulou, V. and Jenkinson, O., Which beta-shifts have a largest invariant measure?
J. Lond. Math. Soc. 72 (2009), 445–464.

[BLL13] Baraviera, A.T., Leplaideur, R. and Lopes, A.O., Ergodic optimization, zero temperature
limits and the max-plus algebra, Publicações Matemáticas do IMPA, 29o Coloquio Brasileiro de
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