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ABSTRACT. Ergodic optimization for beta-transformations Tg(x) = Sz (mod 1) is developed.
If 5 > 1 is a beta-number, or such that the orbit-closure of 1 is not minimal, we show that
the Typically Periodic Optimization Conjecture holds, establishing that there exists an open
dense set of Holder continuous functions such that for each function in this set, there exists a
unique maximizing measure, this measure is supported on a periodic orbit, and the periodic
locking property holds. It follows that typical periodic optimization is typical among the class
of beta-transformations: it holds for a set of parameters § > 1 that is residual, and has full
Lebesgue measure. A novelty of the approach is that a perturbation argument in parameter
space is used, and a locally Holder version of the Mané lemma is established.
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1. INTRODUCTION

Dynamical properties of beta-transformations, self-maps of the unit interval of the form
Ts(x) = Px (mod 1), for B > 1, have been studied since the foundational papers of Rényi
[Re57] and Parry [Pa60]. There are close connections with aspects of number theory, in view
of the link between Tjs-orbits and beta-expansions of the form &1/ +ey/8% +e3/8%+ -+ (see
e.g. [ABO7, Be86, [CK04, [DK02, IDKO03| [FS92, [Kal5l [Sc80l [Si03]), with symbolic dynamics,
where the beta-shift (see e.g. [AJ09, BI8I, IT74, [ScIT, [Si76]) serves as a shift-invariant model
for the dynamics of T, and with ergodic theory (see e.g. [HoT8, [Sm73| [WaTg]).

In this paper we initiate a study of ergodic optimization (see e.g. [Bocl8, [Je06, [Je19] for
overviews of this area) in the context of beta-transformations. In other words, for a given
[ > 1, and a given (bounded, Borel measurable) real-valued function ¢, we seek to understand

n—1
those # that maximize the time average lim X % ¢(T}(x)), and those Ty-invariant (Borel
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probability) measures p that maximize the space average [ du. Since its beginnings in the
1990s, a motivating theme in ergodic optimization has been the prospect that, for sufficiently
regular functions 1, the maximizing orbit (or measure) is typically periodic (see e.g. [BouQQ),
CLT01), [HO96a, HO9GD), [Te96, [Je00, [YH9I9]). A result of this kind had been conjectured by
Yuan and Hunt [YH99, Conjecture 1.1] for dynamical systems that are Axiom A or uniformly
expanding, and for functions 1 that are Lipschitz or C'* smooth. This conjecture generated
a sustained period of work over the following years, and was eventually proved by Contreras
[Co16], who showed that if the dynamical system is an open (distance-)expanding map, then
there is an open and dense set of Lipschitz functions whose maximizing measure is unique
and periodic. Analogous results have subsequently been established in related settings (see
[HLMXZ19, [LZ25]), and more broadly the Typically Periodic Optimization (TPO) Conjecture
(see [Jel9]) envisages that this can be further extended to other dynamical Systemsﬂ

Although beta-transformations share some features of open expanding maps, the setting
has a number of technical challenges: most notably 7j is neither continuous nor open, its
space of invariant probability measures need not be weak* compact, and the corresponding
beta-shift is in general not of finite type. Nevertheless, in this note we are able to develop a
satisfactory theory of ergodic optimization for beta-transformations (and hence, the elements
of a more general theory of ergodic optimization for non-continuous dynamical systems), and
in particular make progress towards proving a TPO Conjecture for beta-transformations. To
describe this in more detail, let us fix some terminology and notation.

For a general Borel measurable map 7: X — X on a compact metric space X, let M(X,T)
denote the set of T-invariant Borel probability measures on X, and define the mazimum ergodic
average of a bounded Borel measurable function ¢: X — R to be

QT, )= sup /¢du (1.1)
HEM(X,T)

Any measure p € M(X,T) that attains the supremum in is called a (T, ¢)-mazimizing
measure, or simply a ¥ -mazimizing measure, and the set of such measures is denoted by

M0, )= {n e MOxT) s [vau= @t . (12)
The orbit of a point x € X is called a ma:m'mizmg orbit for (T, ) if
i E v -,

Setting [ = [0, 1], for each 8 > 1 the beta-transformation Ts: I — I is defined by
Ty(x) = fo — |Ba), wel,

where |[fz] = max{n € Z : n < fz}. In order to develop ergodic optimization in the
setting of beta-transformations, an analysis of the set M(I,Tj) of Ts-invariant measures,

going somewhat beyond the existing literature, is first required. For this, it is convenient to
consider the upper beta-tmnsformatiowﬂ Us: I — I, defined by Us(0) := 0 and

Us(z) = px — | Bx]', x€(0,1],

TA parallel programme, inspired by [HO96al [HO96D|, envisages that, for suitable dynamical systems and
function spaces, periodic optimization is typical in a probabilistic sense; for progress towards this, see [BZ16|
DLZ24].

2Also known as the left-continuous beta-transformation, cf. [KS12, Definition 2.4].
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where |fz|" = max{n € Z : n < fx}. Both Ts and Uz have a countable infinity of periodic
orbits, and these orbits coincide, except that the orbit of 1 under Us (referred to as the critical
orbit) is periodic for certain values of 5 (so-called simple beta-numbers) while for such g the
Ts-orbit of 1 is pre-fixed, eventually landing on the point 0. Each periodic orbit supports a
unique invariant probability measure, and such periodic measures are weak* dense in both
M(I,Tg) and M(I,Upg) (see [Si76] and Section []). The set M(I,Us) is weak* compact, and
equal to M(I,Tp) provided f is not a simple beta-number; if § is a simple beta-number then
M(1,Tp) is not weak* compact, but is dense in M({, Uﬁ).ﬁ

In order to describe our results towards the TPO Conjecture for beta-transformations, let
C(I) denote the set of continuous real-valued functions on I, define

2(B) cC)

to be the set of those ¢ € C'(I) with a (Up, ¢)-maximizing measure supported on a periodic
orbit of Ug, and for « € (0, 1] define

P(8) = P(8) N CO(I),

where C%%(I) denotes the set of a-Holder functions on I, equipped with its usual Banach
norm (see Section . If 9 € 2%(B) satisfies card Mp.x(Us, ¢) = 1 and My,ax(Up, ¢) =
Munax(Ug, ¥) for all ¢ € C%*(I) sufficiently close to ¢ in C%*(I), we say that ¢ has the
(periodic) locking propertyﬁ in C%%(I), and define the corresponding (periodic) locking set to
be the open subset Lock®(3) C C%*(I) given by

Lock®(B) = {¢ € 2*(B) : ¢ satisfies the locking property in C**(I)}.

Following Parry [Pa60], the value § > 1 is said to be a beta-number if the critical orbit
is preperiodic (i.e., either periodic or strictly preperiodic). We are able to prove that, for
beta-numbers, the following version of the TPO Conjecture does hold:

Theorem 1.1. For a beta-number f > 1 and any o € (0, 1], the set Lock®(5) is an open and
dense subset of C%(I).

To make progress on the TPO Conjecture beyond the class of beta-numbers, it is useful to
divide the values > 1 into two categories, by defining 3 to be eme'rgemﬂ if the closure of the
Ug-orbit of 1 is minimal (i.e., it contains no proper closed subset E satisfying Ug(E) = E).
We can then prove the TPO Conjecture for all non-emergent values of j:

Theorem 1.2. If > 1 is non-emergent and « € (0, 1], then Lock®(3) is an open and dense
subset of C(I).

In fact it can be shown that the set of emergent numbers is small, being both topologically
meagre and of zero Lebesgue measure, so we deduce that typical periodic optimization holds
for typical values of 3, in the following sense.

3If B is not a simple beta-number then ergodic optimization, and in particular the TPO problem, is identical
for Tp and Ug. For simple beta-numbers, the lack of compactness of M(I,Tp), and consequent absence of
a maximizing measure for certain continuous functions (indeed such functions constitute a non-empty open
subset of C%(I), cf. Remark motivates the formulation of ergodic optimization in terms of Usg.

4The terminology follows [Bocl9, BZ15)], and is somewhat inspired by [Bou00), [Je00)].

5See Section |§| for further details about, and alternative characterisations of, the set of emergent numbers:
the terminology reflects the fact that, for an emergent § > 1, the symbolic dynamics corresponding to the
critical orbit is essentially different from that witnessed in beta-shifts with parameter strictly smaller than 3,
so is considered to have newly emerged at this particular S (cf. Remark .
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Corollary 1.3. Fiz o € (0,1]. For a set of values f > 1 which is both residual and of full
Lebesque measure, the periodic locking set Lock®(3) is an open and dense subset of C%(I).

Note that Theorem is complementary to Theorem rather than strictly stronger,
since simple beta-numbers (where 1 is periodic under Up) are emergent. More generally, the
emergent values of J are less amenable to analysis, and in order to state a result concerning
them we first introduce the set

Crit*(8) == {¢ € C”*(I) : the orbit of 1 is a maximizing orbit for (Us, @)},

reflecting the fact that the difficulty concerns the critical orbit.
For emergent f3, it turns out that the space of a-Holder functions can be covered by Crit®(f3)
and the closure of Lock®(3):

Theorem 1.4. If 8 > 1 is emergent and a € (0,1], then C**(I) is equal to the union of
Crit*(8) and the closure of the open set Lock®(p).

A key feature of the proofs of the above theorems is a perturbation argument in the space
of parameters § > 1, exploiting the fact that the dynamics for a given (3 is approximable
by sub-systems corresponding to simple beta-numbers in (1, 3). A means of facilitating this
argument, and a result of independent interest, is a Mané lemma for beta-transformations
(see Theorem and cf. Theorem [5.10]). Results of this kind have been a hallmark of ergodic
optimization since [Bou00, [CLT01], and assert that cohomology classes of suitably regular
functions contain versions (so-called revealed versions, cf. [Jel9]) for which the maximizing
measures are readily apparent; in favourable settings the revealed version inherits the modulus
of continuity of the original function (see e.g. [Bou00, BouO1l, BJ02, [CLT01, [LZ25]). Our
Mané lemma is for Holder continuous functions, and asserts the existence of two revealed
versions, both of which enjoy one-sided continuity (one version is left-continuous, the other
is right-continuous): the critical orbit introduces discontinuities, but away from this orbit
both versions are locally Holder. The method for proving the Mané lemma is to some extent
familiar, via the fixed point of a nonlinear operator analogous to that introduced by Bousch
[Bou00], though the proof of the existence of this fixed point requires new techniques involving
pointwise limits. The fixed point is a Borel measurable function that in general may not be
left-continuous or right-continuous, but has one-sided limits everywhere, and is locally Holder
away from the critical orbit: this fixed point can then be regularised, yielding both a left-
continuous and a right-continuous sub-action, allowing the definition of left-continuous and
right-continuous revealed versions. In particular this allows us to establish Theorem [5.10}
asserting that any maximizing measure must be supported within the set of maxima of these
revealed versions.

The other main ingredient for proving Theorems [L.1] and [1.4] is a set R*(B) of a-
Holder functions enjoying good restrictions (in terms of membership of periodic locking sets,
see Definition to various Cantor subsets on which T3 acts as an open expanding map: by
exploiting Contreras” TPO theorem [Col6] for such maps, we are able to prove (see Propo-
sition that R*(8) is dense in C%(I). This, together with Theorem [5.10, and a finer
analysis of Crit®(/3) in the case of emergent 3, yields a proof of Theorems |1.1{ and .
Note in particular that, by contrast with [Col6l HLMXZ19, [LZ25], the method for proving
our TPO theorems does not make explicit use of shadowing (indeed the shadowing property
does not hold for beta-transformations, cf. [BGS25]).
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Organisation of the paper. Section 2] collects together some notation used throughout the
article. In Section [3|we establish various preliminary results about beta-transformations, beta-
expansions, and the closely related beta-shifts, being particularly careful to distinguish the
commonalities and differences between these systems. In so doing, we take the opportunity
to clarify and correct some aspects of the published literature on beta-shifts. In Section [4], we
prove the existence of (Ug, ¢)-maximizing measures for all values 5 > 1, and all continuous
functions 1; we also introduce the notion of limit-maximizing measure, and establish the
equivalence between maximizing measures for the upper beta-transformation and the beta-
shift, and limit-maximizing measures for the beta-transformation. In Section [5| we establish a
Mané lemma for beta-transformations, and develop a revelation theorem as its consequence.
In Section [0] the notion of emergent numbers is introduced, and a number of characterisations
are proved. In Section [7] we establish the main theorems on typical periodic optimization. In
Appendix [A] we prove a useful auxiliary result, that Lock®(f) is an open and dense subset of

2°(6).

Acknowledgments. The authors would like to thank Shaobo Gan for suggesting the study
of ergodic optimization for beta-transformations. Zelai Hao, Yinying Huang, and Zhigiang Li
were partially supported by NSFC Nos. 12471083, 12101017, 12090010, and 12090015.

2. NOTATION

We follow the convention that N := {1, 2, 3, ...} and Ny := {0} UN. For z € R, we define
the floor function |[z| as the largest integer < x, and the strict floor function |z]" as the
largest integer < x. The cardinality of a set A is denoted by card A.

The collection of all maps from a set X to a set Y is denoted by Y. The constant zero
function 0: X — R maps each x € X to 0.

Let (X, d) be a metric space. For subsets A, B C X, we set d(A, B) = inf{d(z,y) : z €
A,y € B}, and d(A,z) = d(z, A) = d(A,{z}) for each z € X. For each subset Y C X, we
denote the diameter of Y by diam(Y") := sup{d(z,y) : =, y € Y}, for each € > 0, denote the
e-neighbourhood of Y (in X) by B(Y,€) = {z € X : d(x,Y) < €}, and the closure of B(Y,¢)
by B(Y,¢). For each y € X and each ¢ > 0, write B(y, ¢) := B({y},¢).

Let C(X) denote the space of continuous functions from X to R, and P(X) the set of Borel
probability measures on X. For ¢: X — R, we write ||¢||oo.x = sup{|o(x)|: z € X}.

Let (X,d) be a compact metric space and o € (0,1]. A function ¢: X — R is called
a-Holder if

|Ola,x = sup{|d(z) — d(y)|/d(z,y)" sz, y € X, v # y} < +o0.
Denote by C%*(X) the set of real-valued a-Holder functions ¢ on X, equipped with the Holder

norm || - |lo.x given by
[6lla.x = |¢la.x + [#lloo.x

which makes C%%(X) a Banach space. We will omit the subscript X whenever X = [0, 1].
For a Borel measurable map T: X — X, let M(X,T) denote the set of T-invariant Borel
probability measures on X.
For a map T": X — X and a real-valued function ¢: X — R, define

n—1

STo(x) == ZQS(TZ(x)) for x € X,n € N,

1=0



6 ZELAI HAO, YINYING HUANG, OLIVER JENKINSON, AND ZHIQIANG LI

In the particular case where 7' is some beta-transformation 7, we will write S,¢ = Spe 10)
whenever there is no possibility of confusion. Note that by definition SI¢ = 0.

We write I := [0,1]. In this paper we equip every subset of I with the usual Euclidean
metric, denoted by d.

For a non-empty set A, the sequence space AN = {{a,};> : a, € Aforalln € N}
will be equipped with the product topology. For t > 1, the metric d, on AY defined by

di({an}t35, {bn}15) = t7P, where p is the smallest positive integer with a, # b,, and
di({an,} 25, {bn}129) = 0 if a,, = b, for all n € N, generates the product topology on A".
Infinite sequences will be written as A = ajas... = {an}nen, and finite sequences as

B = biby...by, = {b,}F_,. Denote (biby...bp)>® = biby...bpbiby...bybiby... and write
(b1bg ... b)™ for the first km terms of (b1by ... bg)>°, for m € N.

If A C R is equipped with the order induced by R, and A, B € AN, write A < B when A
has strictly smaller lexicographic order than B, i.e., a; = b; for 1 <7< n—1, and a, < b,,
for some n € N. Write A < B to mean A < B or A= B.

Define the (left) shift map

o: AN — AN
by 0(A) = {aps1}nen for all A = {a,}pen € AV,
Let X be a topological space. For a map 7: X — X and x € X, denote the orbit of = by

Of(z) == {T™(z) : n € No}.

In this paper, we write Og(x) == O () and Oj(z) = OY(z) if it does not cause confusion.
If there exists n € N with 7"(z) = x, then O(z) is called a periodic orbit and = a periodic
point. We denote the set of periodic points of T' by Per(T'). There is a unique T-invariant
Borel probability measure pup supported on a periodic orbit O, given by

1
Ho = ard O Z -
zeO

For a topological space X, a point a € X, and a function f: X — R, we write lim,_,, f(y) =
™ if limy,, f(y) = 2 and there exists a neighbourhood U of a such that f|y (3 > .
We define lim,_,, f(y) = 2~ similarly. We say that a sequence of real numbers {z, }nen
converges to a real number xt (written as lim, , oz, = z*) if 2, > z for each n € N
and lim, ., z, = x. Moreover, for a real number a, and a function g: R — R, we denote
limy\q 9(y) = limy_q gl(a+00)(¥), that is, the right-hand limit of g at a. We denote the left-
hand limit limy , g(y) = limy_, g|(~cc,e)(y) similarly. More generally, if we replace R by a
topological well-ordered set Y, we give the definitions and notations above similarly.

Fix a constant o € (0, 1], a compact metric space X, and a measurable map T: X — X.
We define subsets

2T and Lock™(T)

of the set C%%(X) as follows: 22%(T) is the set of those ¢ € C%*(X) with a ¢-maximizing mea-
sure supported on a periodic orbit of T'. If a function ¢ € P(T) satisfies card Max (T, ¢) = 1
and Myax (T, ¢) = Mupax (T, ) for all ¢ € C%*(X) sufficiently close to ¢ in C%%(X), we say
that ¢ has the (periodic) locking property in C%*(X). The set Lock®(T') is defined to consist
of all ¢ € P%(T) satisfying the (periodic) locking property in C%*(X).

3. BETA-TRANSFORMATIONS

3.1. Beta-transformations, beta-expansions, and beta-shifts. Here we recall the def-
initions and basic properties of beta-transformations, beta-expansions, and beta-shifts, with
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a particular focus (see Definition [3.10|) on a classification according to the behaviour of the
orbit of the point 1.

Definition 3.1 (Beta-transformations). Given a real number 8 > 1, the beta-transform-
ation Ts: I — I is defined by

Ts(x) = Px — |fx], ze€l. (3.1)

Recall that |z]" = max{n € Z : n < 2} for x € R. The upper beta-transformation Ug: I — I
is defined by Ug(0) := 0 and

Us(z) = Bz — | Bz, xel~{0}. (3.2)

Note that Kalle and Steiner [KS12 Definition 2.4] refer to the upper beta-transformation as
the left-continuous beta-transformation.

Definition 3.2 (Beta-expansions). Given a real number § > 1, write

B:={0,1,..., 5]},

and define the §-expansion of x € I to be the sequence

g(x, B) = {en(w, B) bnen € B
given by
en(x, B) = LBTg_l(x)J for all n € N, (3.3)

and define the upper B-expansion of x € I to be the sequence

" (x, B) = {en(x, B) }new € B
given by
en(z,B) = |BU; }(z)|" forall n € N. (3.4)

n

Remark 3.3. For a given [ > 1, the beta-transformation and upper beta-transformation are
related by

Us(z) = limsup Ts(y).

Yy—x

The set Dg of points of discontinuity for 7} is
Dy = T5'(0) ~ {0} = U5 (1) = {j/B : j € Z} N (0,1], (3:5)

and this is precisely the set of points at which T and Up differ, with T3(z) = 0 and Ug(z) =1
for all © € Dg. Note that Blanchard [BI89, p. 136] refers to the upper S-expansion £*(z, 5) as
a kind of incorrect [S-expansion.

Lemma 3.4. If 6 > 1, n € N, a € [0,1), and b € (0,1], then the following statements are
true:
(i) limgn o T3 (7) = T§(a)™ and lim, ~ Ug (z) = Uz (b)~.
(ii) en(-, B) is right-continuous on [0,1) and £} (-, ) is left-continuous on (0, 1].
(iii) T3 (0) = € (0, 8) = Ug(0) = £,(0,5) = 0.
) limg ~ Tg (z) = Ug(b)~ and lim, e, (, B) = €;,(b, B).

(iv
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Proof. Define functions f, g1,g9.: R — R by
f(u)=pBu, gi(u) =u—lu], go(u):=u—|u]"

Then f is continuous and strictly increasing, and for each u € R, we have
lim g1 (x) = g2(u)”,  lim g(2) = g(w)", lim ga(x) = g2(u)” (3.6)

(i) By 1) we have Ty = g1o f and T§ = g0 f o Tg’l. By 1} limg~ o T5(z) = Tp(a)™.
Assume that lim,\, T () = T3 (a)" when n = k. When n =k +1,

lim T+ () = 11{11 Ts(Th(x)) = T (a)*.

z\a

By induction, for all n € N, lim,~, 7§ (z) = T§(a)". We can prove lim, ~ Uj(x) = Ug(b)~
similarly.

(i) By (3.3) and (3.4 ., we have ¢,(-,8) = |-] ofng_1 and €% (-, 3) = H’ofoUg_l. Hence
(i

follows from (i) and the fact that |-] is right-continuous and |-|" is left-continuous.

i)
(iii) follows immediately from (3.1)), (3.3), (3.4), and Us(0) = 0.
(iv) Since T3 = gy o f and U/gfggof(see and. by (3.6),

h/H;T,B( )—hm( 1o f)(x )Zu%r(lb)gl( u) = (g20 f)(b)” = Up(b)".

Assume that lim, » 7§ (z) = Ug(b)~ holds for n = k. When n =k + 1,

hmTk+1 =1limTs(T5(x)) = lim Ts(u) = Us(UF®B)) = U (b)),
i () o 5(T5 () ) B(u) 5(U5()) 5 ()

Hence the first part of (iv) follows by induction.
By (3.3) and the first part of (iv),

lim e, (2, B) = lim(|-] o T (@) = u/zlfigr’g%b)(u ° )= v/f(lgnn 1(b>>w’

By the fact that lim, »,|2] = |u]’ for all u € R and ({3.4)),

lim o] = [BU5 ()] = £5(b, B).
v/ FURHB)

The second part of (iv) follows from the above two equalities. 0
Lemma 3.5. Ifx €I, B > 1, and n € N, then the following statements are true:
(i) imp~ s T7 () = Tg(x)" and lim, 3 Uy (z) = Ug(z)".
(ii) en(z,-) is right-continuous and €’ (x,-) is left-continuous.
(iil) limy g T (2) = Ug(z)™ and lim, »g e,(7,7) = €}, (7, 3).

Proof. Without loss of generality we can assume that = # 0 (see Lemma (iii)). Define
functions f, g1,g92: R — R by

fu)=2zu, gi(u) =u—lu], go(u)=u—|ul

Note that f is continuous and strictly increasing and
lim gy (x) = g2(u)”, lim g1 () = gi(u)”, lim go(x) = g2(u)” (3.7)

(i) By (3.1, we have Ts(z) = (g10)(8) and Tj (x) = g1 (T3 " (x)). By (B.7), limyn 5 Ty (w) =

Ts(x)™. Since f > 1, if lim\ g TF 7 (z) = T) ™' (x) " for some k € N, we have lim\ g yT¥ ! (z) =
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BT~ (x)™. Then by (3.7), lim,\ 4 T#(z) = T} (z)". By induction, for each 8 > 1, lim\ 5 T7(x) =
Tg(x)*. Similarly, we have lim, 5 Uz (x) = Ug(x)~.
(ii) By (i) and g > 1, we have limpgyT0 ' (z) = 5Tg_1(:p)+ and lim, »g U (z) =

E]Zfll(q:)_. Since |- is right-continuous and [-|" is left-continuous, by (3.3) and (3.4), (ii)
ollows.

(iii) Since T(z) = (g1 © f)(B) and Us(w) = (g2 0 f)(8), by B.7),

lim T, () = lim g1 () = Jm 91(u) = g2(f(B))” = Us(a)™.

Assume that lim, » T7'(z) = Ug(x)~ holds for n = k. When n =k + 1, by (3.7),
kLN T k o _ k(oNY" — prk+1( 0~
lim T (@) = lim g1 (775 (@) = Mlﬁllrjr%(z) g1(u) = g2 (BU5(x)) = Uz ().

Hence the first part of (iii) follows from induction.
By (3.3), (3.4), the first part of (iii), and the fact that lim, »,|x] = |u]’ for all u € R,

lmenen) = m T @)] = dim ) = 5057 @) = €5, 6).

n—1

U Ps
Therefore, the second part of (iii) follows. O
Definition 3.6 (Beta-shifts). Given a real number 3 > 1, define 75: [ — B" by

7Tﬁ(l‘) = §('Ta ﬁ) = {En(l‘7 6)}n6N7
and define 7m5: I — BY by
mp(x) =" (z, B) = {e}.(z, B) bnen.
Define the beta-shift Sz to be the closure in BY of the image under 7 of the half-open interval
[0,1), in other words,
Sp = mp([0,1)), (3.8)
where BY is equipped with the product topology. In particular, Ss is closed and o(Sz) = S,

i.e., it is a subshift of the full shift BY, so we may regard the shift map o as a self-map
o: Sﬁ — Sﬁ.

Definition 3.7. Given a real number 8 > 1, define X to be the closure in BY of the image
mg(I). Define hg: Xz — I by
+oo

hs({zi}ien) = Z zf7 (3.9)
i=1
For each x € I, define i,: (1,+00) — N and i*: (1, +00) — N} by
i.(B) =ma(x) and iy (B) = m5(x). (3.10)

The following lemma shows that our definition of upper [-expansion is equivalent to the
definition of incorrect [-expansion in [IT74] and [YT21].

Lemma 3.8. Fiz # > 1. Then m3(0) = m5(0) = (0)* and 7j(a) = lim, », 7g(x) for all
a € (0,1].

Proof. The first part follows from Lemma (iii), whereas the second part follows from

Lemma (iv). O
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Proposition below collects a number of basic properties of beta-transformations and
beta-expansions that will be required later; the majority of the results can be found in the

existing literature (specifically, in [BI89, TT74l [Pa60, Re57, YT21]), and for the remainder we
provide proofs.

Proposition 3.9. Given g > 1, the following statements are true:

(i) We have
‘(1 (z129... (2 — 1) if ma(l) = z122...2,(0)°, 2, > 0,
i =
g ms(1) if mg(1) has infinitely many nonzero terms.

(ii) For each z € (0,1],

() = 2129 (20 — V(1) if mp(z) = 2122 .. 20(0)%, 2, > 0,
P Y ms(a) if mg(x) has infinitely many nonzero terms.
(iii) comg =mgoTs andcomy =ms0Us on I.
(iv) (hgoms)(x) = x and (hg o 7j)(x) = = for each x € I.
(v) hgoo =Tsohg onms(I) and hgoo = Ugohg on ws(I).
)

(vi) mg and m} are strictly increasing, i.e., v <y implies Tg(x) < mw3(y) and 75(x) < TH(y).

(vii) ma(w) < m5(y) if 0 <z <y< 1.
(viil) {w € Xg:mh(z) <w <7g(x)} =0 for all z € I.
(ix) mg is right-continuous on [0, 1) and 7 is left-continuous on (0,1].
)

(x) hg is a continuous surjection and is non-decreasing, i.e., w < w' implies hg(w) <

hg(W').

(xi) The inverse image hgl(x) of x € (0,1] consists either of one point ws(x) or of two
points mg(x) and 75(x). The latter case occurs only when Tg(x) =0 for some n € N.
Moreover, hg'(0) = {(0)>}.

(xii) The function hg: (Xgs,dg) — (I,d) is Lipschitz.

(xiii) For each x € (0,1], the functions i, and i} are both strictly increasing functions.
Moreover, io(8) = i5(8) = (0)* for all § > 1.

(xiv) For eachx € I, the function i, is right-continuous and the function it is left-continuous.

Proof. Statements (1)} |(ix), and |(viii)| follow from [YT21l, Lemma 1.2].

Statements about 75 in statements [(vi)| and [(iv)| follow from [[T74, Proposition 3.2], while
statements about 7 in |(vi)| and |(iv)| follow from [YT21, Lemma 1.2].

Statements and follow from [IT74, Proposition 3.2].

It remains to prove statements [(iii)} [(v)] [(vii)} and (xiv))

follows from (3.3)), (3.4), and Definition [3.6]

[(v)] From [(iii)] and [(iv)] we have hg oo omg = hgomgo Ty = Ts = Ts o hg o mg. Thus,
hgoo =Tgohg on ms(I). Similarly, we have hg oo = Ugo hg on mj([).

vii)|Consider arbitrary z,y € I with 0 < z < y < 1. By Lemma|3.8| we have lim, », m3(2) =

Sy B
75(y). Combining this with the fact that 7z is strictly increasing (see , we get mg(x) <
ma(w) < my(y) for all w € (x,y).
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Fix 8 > 1. Consider a pair of sequences A = ajay... and B = biby ... in Xz. Assume
that dg(A, B) = 87" for some integer k € N. By ( @, we have

|an_n ]- ﬂQ
el ) Z 7 \BZB" F=E-1 1P

[(xiii)| By (B.10)), Definition .6} and Lemma [3.4] (iii), io(3) = i5(8) = (0)* for all # > 1.
Fix arbitrary « € (0, 1]. It is easy to see that i,(/51) # i.(82) when 51 # fs. So it suffices to

prove that i, is non-decreasing. Assume that there exist 1 < f; < 3 such that i,(f2) < i.(51).
Then there exists n € N such that ex(51,2) = ex(f2, ) for all £ € {1,...,n — 1} and
en(B1,x) > en(B2,z). Then we have e,(51,x) = e,(f2,2) +1 > 1. By and for each
£ > 1, we have

n—1

B) | enlz, ) | T5(x)

z = hg(mg(z)) = 2 gk(;k ) +5 (ﬁxn ) + Bﬂn :

So we obtain,
_ U Ek(:v,ﬁg) en(x, ﬁg) 52 nzi ex(z, B2) n(x>ﬁ2) +1
2.5 B 2B 5y
<n€kl’51 €k3351\7
k=1 b3 kz: b

which leads to a contradiction. So 7, is strictly increasing. Similarly, we can prove ¢} is strictly
increasing.

Fix x € I. By Lemma (i), we have e,(z,-) is right-continuous and & (z,-) is
left-continuous for each n € N. By Definition [3.6| and (3.10)), follows. O

The following classification of values # > 1, and the interpretation in terms of dynamical
behaviour, will be required in our subsequent investigations.

Definition 3.10 (Classification of 5 > 1). A real number § > 1 is said to be

(i) a simple beta-number if £(1, ) has only finitely many nonzero terms;
(ii) a non-simple beta-number if £(1, 3) is preperiodic (i.e., there exists n € N such that
o"(g(1, )) is periodic), but  is not a simple beta-number;

(iii) non-preperiodic if 3 is not a beta-number (i.e., [ satisfies neither (i) nor (ii) above).

Remark 3.11. The terminology beta-number, as well as simple beta-number, was introduced
by Parry [Pa60], who proved (see [Pa60, Theorem 5]) that the set of simple beta-numbers
is dense in (1,400). Some authors refer to simple beta-numbers as Parry numbers (see
e.g. [Kalh]). It is readily seen that § is a simple beta-number if and only if 1 is a periodic
point of Usg.

We recall the following notion (see e.g. [PUL0, Chapter 4]):

Definition 3.12 (Distance-expanding map). For (X, d) a compact metric space, T: X —
X is called a distance-expanding map if there exist constants A > 1 and n > 0 such that for
all z, y € X with d(z,y) < 2n, we have

d(T(x), T(y)) = Ad(z,y).
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The following proposition summarises the relation between periodic points and invariant
measures of T and Ug.

Proposition 3.13. If 3 > 1, then Tz and Up satisfy the following properties:
(i) T,'(0) = {0} U Dg, T; (1) = 0, Uz '(0) = {0}, and U;'(1) = Ds. Moreover, Ty and
Ug coincide on I \ Dg.
(ii) Per(Ts) C Per(Us). If Oj is a periodic orbit for Ug, then Oj C Per(T}s) if and only if
1¢ Oj.

(ili) M(L,Ts) C M(L,Up). If p € M(I,Up), then p € M(I,T3) if and only if p({1}) = 0.

(iv) If 5 is not a simple beta-number, then Per(Ts) = Per(Us) and M(I,Ts) = M(I,Up).

(v) If B is a simple beta-number, then Per(Ug) = Per(Ts) U Op(1) and M(I,Us) is the
convex hull of {u%(l)} UM(I,Ts).

(vi) Tz and Ug are distance-expanding. Specifically, if x, y € I with |v —y| < 1/(28), then

Ts(x) = Ts(y)| = Bz —yl| and [Us(z) = Us(y)| = Bl —yl.
Proof. (i) This property follows immediately from the definitions of 75, Ug, and Dg.

(ii) Fix a periodic orbit Og of Tj that is not {0}. By (i) we have 1 ¢ Og and Og N Dg = ().
Then Ug(x) = Ts(x) for all x € Og. Hence Op is also a periodic orbit of Us.

Fix a periodic orbit O} of Ug. If 1 € O, by (i) we get that O} is not a periodic orbit of Tj.
If 1 ¢ OF, by (i) we have Oy N Dy = (). Then we have Ug(z) = Tp(x) for all z € Oj. Hence
Oj C Per(T}).

(iii) Fix an arbitrary p € M(I,Ts). By (i) we have p({1}) = u(T5'(1)) = u(@) = 0 and
w(Dg) = p(T5(0)) — u({0}) = 0. Then we have pu(Uz'(0)) = u({0}) and u(Uﬁ_l(l)) =
w(Dg) = 0 = p({1}). By definition we have T/B_I(Y) = UB_I(Y) for all Borel measurable
subsets Y C (0,1). Hence, we have p € ./\/l(I, UB)'

Now fix an arbitrary v € M(I,Us). If v({1}) = 0, by (i) we have v(Dg) = v(U;'(1)) =
v({1}) = 0 and v(T;'(0)) = v({0}) + v(Dg) = v({0}). By definition we have T;'(Y) =
UB_I(Y) for all Borel measurable subsets Y C (0, 1). Hence, we have v € M(I,Tp). If on the
other hand v({1}) > 0, since T; (1) = @ by (i), we have v & M(I,Tj).

(iv) and (v) Recall that 1 is a periodic point of Uj if and only if /5 is a simple beta-number
(see Remark [3.11]). Then the first part of (iv) and the first part of (v) follow immediately
from (ii).

Fix an arbitrary p € M(I,Us). If 5 is not a simple beta-number, then 1 is not a periodic
point of Uz (see Remark [3.11]) and it is straightforward to check that p({1}) = 0. By (iii),
e M(I,Tz). The second part of (iv) follows.

Assume that 3 is a simple beta-number. Since Oj(1) is a periodic orbit of Ug, then it is
easy to see that pu({z}) = u({y}) for all z, y € Oy(1). Write t := pu(O}(1)). When t = 1, we
have p({z}) =1/ card Op(1) for all z € Op(1). In this case, p = poy, ). When t € [0,1), let

us write v = = (p — t,u%(l)). Then v € M(I,Us) and v({1}) = 0. By (iii), v € M(I,T}p).

-
In this case, p = tuoy ) + (1 — ¢)v. The second part of (v) follows.

(vi) Fix arbitrary z, y € I with 0 < y — x < 1/(2f). If there exists an integer i such that
i/ <z <y<(i+1)/B, then Ts(y) — Ts(x) = B(y — x). Otherwise, there exists an integer i
such that (i —1)/8 <z <i/B <y < (i+1)/B8. Then we have Ts(y) —Ts(x) = fly—x)—1 <
—1/2 < —Bly — x|. Similarly, we can prove Us(y) — Us(z) = S(y — ). O
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While the support of any T-invariant probability measure u satisfies T'(supp p) = supp p in
the case that 7" is continuous (see e.g. [Ak93] p. 156]), the same is not true for the discontinuous
maps T and Ug, nevertheless we do have the following result.

Lemma 3.14. Suppose B > 1 and p € M(I,Ug). Then Ug(supp p) = supp p if 0 ¢ supp p,
and Ts(supp ) = supp p if 1 ¢ supp p.

Proof. Let us write K := supp u.
Assume that 0 ¢ IC and denote 0, = d(K,0) > 0. By (3.2)), for each y € Dg, we obtain

p((y,y+61/8) N 1) < p(Ug*(0,61)) = u((0,61)) = 0.

So KN (y,y+d1/5) =0 for each y € Dg. Hence for each pair of z, y € K with |z —y| < §1/0,
we have (z,y) N Dg = 0 and Ug(x) — Us(y) = S(x — y). So Uk is continuous and p can be
seen as an invariant measure for (C, Ug|c). Therefore, Ug(K) = K (JAk93], p. 156]).

Assume that 1 ¢ K and denote d5 == d(K, 1) > 0. By Proposition (iii), p € M(I,Tp).
By , for each y € Dg, we obtain

u((y —02/B,y) N I) < p(T57(0,02)) = p((0,2)) = 0.

So KN (y—02/B,y) =0 for each y € Dg. Hence for each pair of x, y € K with |z —y| < §2/0,
we have (x,y) N Dg = 0 and Ts(x) — Ts(y) = B(x — y). So Tp|k is continuous and p can be
seen as an invariant measure for (K, T|x). Therefore, T3(K) = K ([Ak93] p. 156]). O

3.2. Monotonicity and approximation properties in parameter space. Here we recall
some monotonicity and approximation properties for the one-parameter family of beta-shifts.

The following proposition characterises those sequences on the alphabet B = {0, 1, ..., | 3]}
that arise as the S-expansion of a real number z € [0, 1].

Proposition 3.15. Given 8 > 1, the following statements are true:
(i) m5([0,1)) = {A € BY: 0™(A) < w5(1) for all n € No}.

(ii) Sz can also be expressed as

Sp={AeB":0"(A) 2 m(1) for all n € Ny}. (3.11)
Proof. (i) follows from [Pa6(), Theorem 3] and Proposition [3.9(viii)| while (ii) is exactly [[T74]
Lemma 4.4]. O

Remark 3.16. (i) Define X; := {AeBY:0"(A) < ms(1) for all n € Ny}
(ii) If B is not a simple beta-number, then 75(1) = m3(1) (see Proposition , and
hence S = X3 = X 3 by , together with Definitions and .
(iii) If 8 is a simple beta-number, then 73(1) < m3(1) (see Proposition , hence Xz

is the union of the beta-shift Sp and the singleton set {m(1)} (which is disjoint from
Ss), and

Ss C X5 C Xp (3.12)
by (3.11]), Definitions and . The inclusions in (3.12)) are proper: for example,

when g = 2, we have
2(0)00 € X2 AN 82, 12(0)00 c 5(:2 AN X2.

(iv) If 8 is a simple beta-number then o maps Sg surjectively onto itself, and maps X 3
surjectively onto itself, but o: X3 — X3 is not surjective.
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(v) A complement to Proposition m (i) is that, for each A € N{, there exists 3 > 1 with
A =¢(1,p) if and only if 6™(A) < A for all n € N; and if such a number 5 > 1 exists
then it is unique (see [Pa60, Corollary 1]). Consequently, each of the three classes in
Definition [3.10] is readily seen to be non-empty.

(vi) Some authors define the beta-shift to be either Xz or X 3, instead of Sg. For example
it is defined to be X3 in [ABO7, p. 1696], [Sc97, Definition 2.2], and [KQ22| p. 1438)),

and defined to be Xz in [Si76, p. 248] and [Wa82, p. 179].
Lemma 3.17. Given B > 1, the following statements are true:
(i) If 1 < p' < B, then Sg C Sp.
(ii) Sﬁ = U'ye(l,ﬁ) Sv‘

Proof. (i) Assume that 1 < ' < . By Proposition and , we have 7 (1) <
Wz(l). By , Sﬁ/ - 8,3.

(ii) Assume that 73(1) = ajay. ... For each n € N, put A, :==ay...a,00.... By Proposi-
tion , we get that m3(1) = lim, »s 72(1). Thus, for each n € N, there exists ,, € (1, 3)
such that A, 2 (1) Fix arbitrary B = biby--- € Sg. Put B,, == by...0,00... for each
n € N. By (3.11)), for each k € Ny and n € N, we have ¢"(B,) < A, < 7 (1). Thus,
B, € S,,. Note that lim, , o B, = B, so B € Uve(lﬁ S,. Since B is chosen arbitrarily, we

obtain from (i) that Sg = U, ¢, 5, S5 O

Remark 3.18. Lemma is hinted at as part of [IT74, Proposition 4.1] (though in [IT74] it
is slightly mis-stated, and not proved, so for the convenience of the reader we include a proof
here). We note that another part of [IT74, Proposition 4.1] is false: in general it is not the
case that Sg = [, 5 S, (for example if 8 = 2 then 2(0)> € S, for all v > 2, but 2(0)> ¢ S»),
however the 1ntersect10n can be expressed as
Xs=[)8,
v>8

Definition 3.19. For 1 < v < 3, define

H}=h {Zzz {z}ien €S } (3.13)

and if ¢ € C%(I) then define the corresponding restricted mazimum ergodic average

Q) = Q(T5|Hg>’¢’Hg) = sup{/w dp - pe M(1,Tp), supp p C Hg} (3.14)

Lemma 3.20. Suppose f > 1. If I C I is a non-empty compact set with 1 ¢ K = T3(K),
then there exists 8 € (1, 8) such that K C Hy for each v € (3, B).

Similarly, if K' is a non-empty compact set with 1 ¢ K' = Ug(K'), then there exists §' €
(1,8) such that K' C Hj for each v € (8, 3).

Proof. If IC is a non-empty compact set, with 1 ¢ K = Ts(K), then the largest point in K
is strictly smaller than 1. By Proposition [(xiv) and (3.10), there exists 8 € (1, 3)
such that max{rj(z) : x € K} < 7} (1). Furthermore, by Proposition (viii), and the
fact that 73 (1) € Xz (see (3.11)) and Lemmaw (), we have max{mg(z) : v € KL} X 7j(1).
By Proposition we get o(m3(K)) = ms(K). So if z € K then o"(ms(2)) = 75(1)
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for all n € Ny, and therefore by (3.11), m3(2) € Sp. Hence, by the definition of H; and
Proposition (iv)}, we have K = hg(m3(K)) C hp(Sy) = Hg/. By (3.13) and Lemma|3.17| (i),
we have Hﬁﬁ, C Hj for each v € (8, 8). Therefore, K C Hj for each v € (8, 3).

Now let £’ be a non-empty compact set with Uz(K') = K’. Applying Proposition (i),
we have K' N Dg =0, so Ts(x) = Us(x) for each € K'. Thus, T5(K') = K'. Therefore, there
exists ' € (1, 8) such that K' C H for each v € (8, B). O

Recall that a homeomorphism ¢g: X; — X, between metric spaces (X1,d;) and (Xs,ds) is
bi- Lipschitz if there exists a constant C' > 1 such that for all u, v € X7,

Cdi(u,v) < da(g(u), 9(v)) < Cdi(u, v).

Lemma 3.21. For 1 <~ < f3, the map 7T5|Hgi (Hg,d) — (S,,dg) is bi-Lipschitz.

Proof. Define § := d(H},1). By (3.10) and Proposmon and ((xiii), we have 77(1) <
(1

m5(1) X mg(1). Hence mg(1), m3(1) € S, (see (3 ) So by Proposmon E. H and
(3-13)), we have 1 ¢ Hy and 0 <4 < 1,

Assume that z,y € Hj satisfy ds(ms(x), 75(y)) = 67" and = < y, then
m(x) = ay ... ap-1bpbpy1. .., T(Y) =ai...an_1CCni1 .-,
where b,, < ¢,. Then by Proposition and the definition of hg,
Az, y) = d(ha(ma(e)), ha(ms(w)) = B dlha(bubus ), halcacusa -.)) < A, (3.15)
Moreover, by the definition of hs and Hj, we have
Bo(babnsa ) = (bu + ha(buss - ))/B < (bu+1—6)/8 and
hg(Cntnir...) = (cn + h6<cn+1 N/BZen/BZ(bn+1)/5.
So we have d(hg(bpbpy1 ... ), hg(cpcnyr...)) = /8. Thus, by (3.15)), we have

d(z,y) = 6" = 5dﬁ(ﬂﬁ(x) m5(y))- (3.16)
Let us write C' := max{3,1/6} > 1. Combining (3.17]) and (3.16]), we have
Cd(x,y) < dﬁ(ﬂﬁ(ﬂf),ﬂﬁ(y)) < Cd(z,y). 0

Lemma 3.22. For each 8 > 1 and each v € (1,0), the set Hj is a closed subset of I
satisfying Ts(Hy) € Hy and the restricted beta-transformation T5|H;: Hj — Hj has the
following properties:

(i) T5|Hg is Lipschitz.
(ii) Tp] HJ 1s distance-expanding.
(iii) If v is a simple beta-number, then T5|Hw s open.

Proof. By -, S, is closed and 0(S,) C S,. By Proposition Em nd Lemmal3.21]
9

g 7 is bi- Llpschltz with inverse hgls, and Hj is closed. By Proposmon (i)} Tp(Hy) C

Hy. Slnce T5|Hw = hgls, o ols, 0 7r5|Hw (see Prop051t10n EH and . we obtain (i).
(ii) follows from Proposition [3.13] (vi).
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To verify (iii), assume that + is a simple beta-number. Then (S,,0) is a subshift of finite
type (see e.g. [BIS9, Proposition 4.1]), and therefore ol|s is open (see e.g. [URM22, Theo-
rem 3.2.12]). By Lemma and Proposmon QI@, we know that g my and hgls, are

homeomorphisms. It follows that Tjs| "y = hgls, o ols, o g 7 Is open. O

3.3. Cylinders.

Definition 3.23. Fix § > 1 and n € N. A length-n prefix (e,€s,...,€,) is said to be
B-admissible if €; ... €, (0)> € m3([0,1)).
For each [-admissible length-n prefix, we define the corresponding n—cylmder to be
I(er,€2,...,6n) ={x €10,1) : 4(x,5) = ¢ for all 1 <i < n}, (3.17)

and if T§(I(e1, €2,...,€,)) = [0,1) we say that the cylinder I(e, e, . .. ,(—:n) is full. Let W™
denote the set of all n-cylinders, and let W' denote the set of all full n-cylinders.

Note that the n-cylinder I(eq, €, ..., €,) is a left-closed and right-open interval, with the
left endpoint

E+@+ +@ (3.18)

For each n € N and each I" € W, let T" denote the closure of I". Denote I"tobe I
excluding its left endpoint. If m € {1,...,n} and I" € W", we write Tj".: T" = I for the

continuous extension of Tg‘| m to 1. Moreover, for each function ¢: I — R, we define

m—1
Smind =Y ¢ Thpn. (3.19)
1=0

Proposition 3.24. Fiz 3 > 1,n € N, and I" = (e, ...,¢,) € W". Foreachi € {1, ..., n—
1}, denote I"™" == I(€;41, .., €,).

(i) Foreachm € {1,...,n—1}, (€my1,---,€xn) s a B-admissible prefix and T (I™) € 1",
(i) Ifme{l,...,n} and z, y € I, then 15 (y) — T (z) = B™(y — x). Consequently,
1§ 1s continuous and strictly increasing.
(iii) If €, > 0, then I(ey, ..., €,—1, b) € Wi for b€ {0,..., e, — 1} with the right endpoint
Sl a/B A+ (b+1)/8m

iv) If I" € W2, then there is a T% . -fized point in T .
0 B
(v) There exists m € {0,1,...,n} such that T 1w (Tn) = |0, Ugl(l)]
(vi) TH5 = TF e 0 T on T foreachm € {1,...,n—1} and each k € {1, ..., n—m}.
(vil) For eachm € {1, ..., n}, T, = UF" on I
)
x) T,

(viii) [0,1) = [ngpn L™ and (0 1] = Upmepn I", where L means the union of disjoint sets.

(ix) T5™(0) {1}_{ 5.1 (0 I”EW”} and
={T; () :x € Tpm(I"), I" € W"}
for each x € (0, 1].

Proof. Denote 75(1) = ajap ... in this proof. Recall that (g o Tjs)(x) = (a o mg)(z) and

(hg o mp)(x ) = for each z € I (see Proposition [3.9/[(iii)] and [(iv)). By (3.17) and Proposi-
tion n x € I" if and only if

€1€2...€,(0)> 2 mg(z) < €169 .. (e, + 1)(0)™. (3.20)
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(i) Fix arbitrary = € I™. Then (3.20) holds. For each m € {1,..., n — 1}, we have
ms(T5' (7)) = o™ (ms(x)). Hence €pi1...6,(0)° =X ma(TF (7)) < €my1--- (6, +1)(0), and
thus T5"(z) € I"~™. By the arbitrariness of x € I", T*(I") C I"™™.

(ii) For arbitrary z, y € I"™, assume that 7T,3( )=¢€1 ... €122 ... and mg(y) =€ ... €Y1 Yo - ...
Soy—x = hg(mg(y)) —ha(ms(x)) = 7Y ;) B (yi—x;) and by Proposwlonam and.

T5'(y) — T5'(x) = hs(o m(m( ))) = hs(o™(ms()))
=B ”ZB =) = " (y — ).

Since T3 is the continuous extension of T to T", then (ii) follows.

(iii) Fix arbitrary b € {0, ..., ¢, —1}. Write y .= S0 e;/ 3 +b/8" and 2, == > e;/ ' +
(b4 1)/p". Since (€1, ...,€,) is f-admissible and b+ 1 < €,, we have y, < z, < 1. Then
(yp) = €1...€,—10(0)> and m5(2p) = €1 ... €,—1(b+1)(0)>°. Since 7p is strictly increasing (see
Proposition , I(eq, ... €n-1,b) = [ys, 2) and diam I (eq,. .., €,-1,b) = 7. Moreover,
Tg(I(er,- .. €n1,b)) = [0,1) by (ii). Therefore I(e1,...,¢,-1,b) € Wi with the right endpoint
Zp-

(iv) By (ii), T§ » is continuous. Since I" is a full cylinder, then TF . (1") = 1% T3 . (I7) =
Tp(I") =12 T", so by the intermediate value theorem, T4 1 has a fixed point.

(v) Denote
m=max({j € N:¢,_;4; =a; for all 1 <i<j}U{0}).

Let y be the left endpoint of I™ and z = hg(A) with
A=e ... enmm(l) =€ ... € Qmy1Gmya - (3.21)

We first check that A € Sz. Fix k € Ny arbitrarily. If £ < n — m, then €41 ..., €,(0)™ <
aj ... a,—x(0)> by the maximality of m and Proposition L So of(A) < wy(1). If k >
n —m, then o®(A) = gh-(n=m) (m5(1)) < 75(1) by (3 and Pl"OpOSlthl’l EIT We obtain
A € S by . Since hg(A) =z and A =€ ... €, mﬂ'ﬁ( ), by Proposition [3.9]|(ii)| n, v)}
and A =mj5(2).

Consider arbitrary x € I", then m3(z) € S by Definition So 0" ™ (mp(x)) = wh(1) =

o"~™(A) by Proposition [3.15] (ii) and l} Combining this with the fact that the first n—m
terms of mz(x) and A coincide (see (3.20))), we get ms(x) = A. Since hg is non-decreasing

(see Proposition B.9|[(x)), v < z = hg(A) for all z € I™ by Proposition [3.9[(vi)] Consider
arbitrary w E ly,z). By Pr0p0s1t10n E (vii), mp(w) = m3(2) = A X 7ms(2). Hence w € I™ for

allwe ly, z by-

our discussion above, z is the right endpoint of I™. Moreover, by (ii) and Proposi-
tlon E“ . 3 In _n is a closed interval with the left endpoint 0 and the right endpoint
Bz —y) =T (hﬁ(ﬂg( ))) = hs(0™ (m5(1))) = UR(1).
(vi) Fixm € {1,...,n—1} and k € {1, ..., n—m} arbitrarily. By (i), we have T3*(I") C
I ™. Thus, we have Tg}“ﬁ? Tg’]—n,m ngfIn on I"™ since Tg}'ﬁ" T§+m, Tgfln = T[g” on I™ and
Té?]m n = Tﬁ on I™™"(2 Tg*(I")). For y the right endpoint of I", and arbitrary z € I", by
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(i) we have

Tit(y) — Tgp(w) = B (y — ) and
(Tﬁlilnfm © TE’fm) (y) — (T,&I"*m © TB,I") () = T,é“,fn—m(x + /"y — ) — Tg,lnfm (x)

= "y — ).
Therefore, (vi) holds.
(vii) Fix m € {1, ..., n} and let y € I". By (ii) and Lemma (iv), we obtain T3, (y) =
limg, q, T (7) = lim,, »~, T5(7) = U (y).
(viii) By (3.17) and Proposition 7 I'NIy = for each I}, I} € W™ with I}* # I3. For
each z € [0,1), assume 7g(x) = aray...ay, . .. Thenxel(al,.. an). So [O 1) = Upmepn I™

Since I" is a left-closed and right-open interval and I™ is defined to be I" excluding its left
endpoint, it follows immediately that the second identity in (viii) holds.

(ix) Consider arbitrary y; € T;"(0)\{1}. There exists a unique I" € W™" satisfying y; € I"
by (viii). So T§ 1. (y1) = T (y1) = 0. Hence by the arbitrariness of y; € T5"(0) \ {1},
50) N {1} C{T57.(0) - I" € W™}

Fix arbitrary I" € W". By (v), 0 € T§ n (I"). Write yo = T 7.(0) by (ii). Then ys is the
left endpoint of I" by (ii) and (v). Moreover, yo # 1 and T§(y2) = T} ;a(y2) = 0. Hence by
the arbitrariness of I™ € W™,

S7(0)~ {1} 2 {Ty0(0) : " e W)

The first part of (ix) follows.
Fix z € (0,1]. Consider arbitrary z; € Uz"(z). Since 0 is a fixed point of Up (see (3-2)),

we get z; € (0,1]. There exists a unique [” € Wn satisfying z, € I" by (viii). By (vii),
T§ (1) = Ug(21) = x. Hence by the arbitrariness of 2, € Ug" (%),

C{T; 1 (x):x € Tpm (1), I" € W™}

Fix arbitrary I" € W" satistying x € T} . (Tn) Write 2y = Tj7.(z) by (ii). Then since
€ (0,1], 2 is not the left endpoint of T by (ii) and (v). Moreover, U(z2) = Tg jn(22) =
by (vii). Hence,

2 {Typ(2) s € Tym(I7), I" € W}
The second part of (ix) now follows. O
We will need the following standard lemma. Recall that S, ¢ is defined in (3.19).

Lemma 3.25. Fiz 8> 1. Suppose a € (0,1] and ¢ € C**(I). For alln € N, I € W", and
T,y € I", we have

[0]a
pe -

’Sn1"¢( ) nI"¢(y)| < ’TB In TB I"( )’a‘



ERGODIC OPTIMIZATION FOR BETA-TRANSFORMATIONS 19

Proof. By (3.19), (3.17)), and Proposition [3.24] (ii)
|[Sn,n () — Spmd(y)| < |0]a Z|T5 In Tﬁ (Y )|a

= |¢]a Z\Tw — T ()| /B0

e
po-1

4. MAXIMIZING MEASURES

|T,§L,1n (z) — T[?,m(y)\a- U

In this section, we introduce the notion of limit-mazimizing measure, which will be useful
for a dynamical system, such as T3, whose set of invariant measures is not necessarily weak*
compact. For 5 > 1 and ¢ € C(I), we first show that the existence of a maximizing measure
for (I,Ugs, ¢) is equivalent to the existence of a maximizing measure for (Xg,o, ¢ o hg). We
then prove that a measure is limit-maximizing for (1,7, ¢) if and only if it is maximizing for

(1,Ug, ).

Definition 4.1. Let T': X — X be a Borel measurable map on a compact metric space X.
For a Borel measurable function ¢: X — R, a probability measure y is called a (T, v)-limit-
mazrimizing measure, or simply a -limit-maximizing measure, if it is a weak* accumulation
point of M(X,T) and [¢du = Q(T, ). We denote the set of (T 1)-limit-maximizing mea-
sures by My, (T, 9).

Clearly, Muyox (T, ¢) C M, (T,1). For g > 1, let us write

Zg ={x €l :mg(x) # mp(x)}. (4.1)
The following lemma collects together some basic properties of Zg.

Lemma 4.2. Given > 1, the following statements are true:

(1) Zs = (Unen T5"(0)) ~ {0} = U,en U5 (1) and in particular D C Zg.

(i) hg' (W) = 75(W) Umg(W N Zg) for each W C I and ms(Zg) Nj(I) = 0.

(iii) If x € I \ Zg, then Tj(x) = Ug(x) for alln € N.

(iv) mg and 5 are continuous on I \ Zg.

(v) w(ms(Zg)) =0 for all p € M(Xp,0).
Proof. (i) Fix arbitrary x € I. By , Proposition and Lemma , x € Zg if and
only if there exists n € N and zy,..., 2, € N with 2, > 0 such that

m(x) = 21...2,(0).

By Proposition and m, Tg(x) = (T§ohgomg)(x) = (hgoo™oms)(x). So the condition
above is equivalent to the condition that there exists n € N such that x € T;"(0)\Tjy (nfl)(O).

Hence
Zs = (@) ~ 1,770 0) = (U 7570) ~ {0}

neN neN

Ug"(1). In particular, by Proposition m (1),

\_/\_/\_/\_/

Similarly, we can prove that Zz = (J

Dy =U;'(1) C Z.

neN
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(ii) Fix arbitrary W C I. By Proposition we have hgl(W) =mg(W)Umz(W). By
(.1),
h/gl(W) =ms(W)Umg(W) = mz(W) U (ma(W N Zg) Umg(W N Zg))
= (W) Uns(W N Zg)) Umg(W N Zg) = w5(W) Umg(W N Zg).

o0

For each A € m3(Z3), A has finitely many nonzero terms and (0)>* ¢ wg(Z3) (see Proposi-

tion and Lemma . By Proposition , , and Lemma 75 () has infinitely

many nonzero terms for all z € (0,1] and 75(0) = (0)>. The second part of (ii) follows.
(iii) By Proposition and [(v)] for each z € I,
Th(x) = (Tg o hgomg)(xz) = (hgoo™ oms)(z) and
Ui(xz) = (U o hgoms)(x) = (hg oo™ oms) (),
so these, together with (4.1]), give (iii).

(iv) Assume that z € (0,1] Zg, so that ms(x) = 75(z) by (4.1). From the fact that 7}
is left-continuous, the fact that 7}(y) =< ms(y) for all y € I, and the fact that 7 is strictly

3
increasing (see Proposition [3.9 Eﬁ | and [(vi)), we have

m3(@) = lim m3(y) < lim m(y) < ma().

So limy », m(y) = mg(x). Combining this with the fact that mg is right-continuous on [0, 1),
and that « € (0, 1] \ Zg was arbitrary, we see that 74 is continuous on I \ Zg. The fact that
T is continuous on I \ Zg can be proved similarly.

(v) If x € Z3 then (0)>° € O7(ms(z)) by Proposition and Lemma 3.8 So

Zs) C (L:Jlo”<<o>°°>> < {0}, (1.2

If 4 € M(Xpg,0) and n € N, then p(c™((0)*)) = ({(0)>}) and (0)> € ¢~™((0)*°). This

implies that
u((fj T (O) S {0)7}) 0.

and therefore p(mz(Z5)) = 0. O
Now we consider the relation between M (I, Uz) and M(X3,0).
Notation. Fix § > 1. Define
Gp: M(I,Ug) = M(X3,0)

to be the pushforward of 77, in other words,

e\ —1

Go)(Y) = u((75) 7 (V) (43)

for each € M(I,Ug) and each Borel measurable subset Y C X3. By Proposition , it
is straightforward to check that G is well-defined. Define

Hg: M(Xﬁ,O’) — P(I)
by
Hy(v)(W) = v (hs™ (W) (4.4)
for each v € M(Xp,0) and each Borel measurable subset W C I.
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Proposition 4.3. If 5 > 1 and ¢ € C(I), then the following statements are true:

(i) Hg is a homeomorphism from M(Xgz, o) to M(I,Ug) with respect to the weak* topology,

with G/gl = Hg.

(il) M(I,Up) is compact in the weak™ topology.

(111) Q(Uﬁ, ¢) = Q(O-|X;3a ¢ © hﬁ) and Mmax(U,Ba ¢) = Hﬁ(Mmax(o-|Xﬂa ¢ © h’ﬁ)) 7& @
Proof. (i) By Proposition , o(ms(I)) € m5(I). Applying Lemma (ii) to W = 1,
we have X = mj3(I) Umg(Zs). Thus, by Lemma (v), we have that M (7%(I),0) can be
naturally identified with M(Xg,0). More precisely, pu(-) = p(- N a5(1)) is a homeomor-
phism from M (75(1),0) to M(Xj,0). So Hg

M(73(I),0) to P(I). Proposition n. implies that Hg(M(Xg,0)) C ./\/l(I Us).
For each € M(I,Us) and each Borel measurable subset Y C Xg, by (4.3) and Proposi-

tion m and m we have

1 * -1 * *
Galn)(¥) = u((x3) (V) = () "V N mpD) = (Y A (D)) (45)
Hence we derive that (Hg o Gg)(p) = p for all u € M(I,Ug). More precisely, for each Borel
measurable subset W C I, by (£.4), (4.5]), Lemma [4.2] (ii), and Proposition
(Hg o Gg)()(W) = G() (hg" (W)

1) from

(
(W)U ms(W N Zg)) Nms(1)))
(

W)ﬂﬂ'ﬁ( )) (WB(WOZB)HWE(I))))
hﬁ 7T W)))

For each v € M(X3,0) and each Borel measurable subset W C I, by (4.4) and Lemmal[4.2] (ii)
and (v), we have

H(v)(W) = V(hEI(W)) = v(ms(W)Umg(W N Zg)) = v(ms(W)). (4.6)

Hence we derive that (G o Hp)(v) = v for all v € M(Xp,0). More precisely, for each Borel
measurable subset Y C X, by (4.3)) and (4.6)),

(Gyo Hy)(W)(Y) = Hy()((73) (V) = v(m5((75) (V) = w(V).
By the above, and Proposition Hg is a continuous bijection from M(Xg,0) to
M(1,Up).

The weak® compactness of M (X3, o) follows immediately from the compactness of Xz and
the continuity of 0. By [Wa82, Theorem 6.4], the set of probability measures on I is Hausdorff
in the weak* topology, hence M(I,Up) is Hausdorff, and therefore Hg is a homeomorphism
from M(Xp,0) to M(I,Us), with G3' = Hp.

(ii) follows immediately from (i), and the weak* compactness of M(Xg,0).

(iii) Since G is the pushforward of 73, for each u € M(Xg, o), by Proposition and

statement (i), we have

/cdeﬁ /cbohﬁo%) dHp(p) = /Xﬁ(cbohﬁ)d(GﬂOHﬂ)M:/Xﬁ(cbohﬁ)d#
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By (i), we obtain the required identities

Q(Us, ¢) = Q(alx,. & 0 hg) and Muax(Us, &) = Hs(Mumax(0|x,, ¢ © hs)).
Since M(Xg,0) is weak® compact and hg is continuous (see Proposition , the set
Minax (0] x5, @ © hg) is non-empty. O
Proposition 4.4. If 5 > 1 and ¢ € C(I), then the following statements are true:
(i) M(I,Up) is equal to the weak* closure of M(I,Tg).
(i') Q(TB> ¢) = Q(U/J’a ¢)

(ii}) MFax(Ts, 9) = Mumax(Up, @)

Proof. If 5 is not a simple beta-number, then M(I,T5) = M(I,Us) is weak* compact (see
Proposition [3.13] (iv) and Proposition (ii)). So (i) holds and both (ii) and (iii) follow
immediately from (i).

If 5 is a simple beta-number, by Proposition (v), it suffices to prove that poy) 1s
contained in the weak* closure of M(I,Ts). Note that Oy(1) and O7(x5(1)) are periodic
orbits of Uy and o, respectively. By [Si76, p. 249], the periodic measures are weak* dense in
M(X3,0), so there exists a sequence of periodic orbits {O,,} of (X3, o) satisfying:

(a) O, # 07(75(1)) and O, # {(0)>} for all n € N, and

(b) pe, converges to 1o (75(1)) in the weak* topology as n tends to 4o0.

Since O,, is periodic and (0)* ¢ O,, by , we have O, Nm3(Zz) = 0. Recall that
Xp=m3() Umg(Zp) (see Lemma (ii)), so O, C wj(I).

By Proposition each hg(O,) is a periodic orbit of Us and hg(O7 (n5(1))) = O4(1).
By Proposition (i), Hs(po,) = Hny0,) then converges to Hpg (MOd(ﬂ-E(l))) 1oy, 1) in the
weak” topology, and hg(O,) # Oj(1) for each n € N. But Hg(po,) € M(I,Tﬁ) for each
n € N, by Proposition [3.13 (iii), so (i) follows. Both (ii) and (iii) follow immediately from
(i). O

5. THE MANE LEMMA

The purpose of this section is to prove a version of the Mané lemma for beta-transformations
(Theorem , and derive a revelation theorem (Theorem , an important consequence
regarding the support of a maximizing measure. A key tool is to introduce an operator
analogous to the one used by Bousch [Bou00], and show (Proposition that it has a fixed
point function with certain regularity properties (following [GLT09], this fixed point can be
referred to as a calibrated sub-action).

For a Borel measurable map 7": I — I, and bounded Borel measurable function ¢: I — R,
to study the (T, 1)-maximizing measures it is convenient, whenever possible, to consider a

cohomologous function v satisfying ¢ < Q(T,1)). We recall the following (cf. [JeI19l p. 2601]):

Definition 5.1. Suppose T': I — [ is Borel measurable, and ¢: I — R is bounded and Borel
measurable. If ¢ < Q(T,) and ¢¥~1(Q(T,)) contains supp p for some p € M(I,T), then
¥ is said to be revealed. If Q(T,v) = 0 then 1 is said to be normalised; in particular, a
normalised function 1 is revealed if and only if 1 < 0 and ¥~(0) contains supp p for some
pweMIT).

Lemma 5.2. Suppose T': I — I is Borel measurable, ¢: I — R is bounded and Borel mea-

surable, and Muyax(T, ¢) # 0. Denote ¢ = ¢ — Q(T, ¢), and suppose b=¢+u—uoT for
some bounded Borel measumble function u: I — R. Then the following statements are true:
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() Q(T,6) = Q. ) = 0. .
(11) Mmax(Ta ¢) = Mmax(T7 5) = Mmax(Ta ¢)
(iii) If x € I is such that ¢ <0 and OT(z) C ¢~ 1(0), then OT(z) is a (T, ¢)-mazimizing
orbit.

Proof. (i) and (ii) follow from (L.1)), (L.2), and the fact that
/gbdu /qu—u—uoT)d,u:/Ed,uforall,ueM(I,T).

If ¢ < 0 and O (z) C ¢ 1(0), then 0 = %Sgg(x) = 15T0(z) + L(u(z) — u(T(x))) for all
n € N, and (iii) follows from the fact that u is bounded. O

The following operatorﬂ L, is an analogue of the one used by Bousch in [Bou00].

Definition 5.3. Let ¢: I — R be bounded and Borel measurable. For 8 > 1, define £,: R —
R’ by
max (u+¥)(y) if z € (0,1],
5 (@)
r ) vels 5.1
»(0)(@) max (u+)(y) ifz=0. (5:1)
ETgl(O)\{l}

Note that if u: I — R is bounded then so is L (u). By (5.1)) and Proposition [3.24] (ix), an
equivalent definition of L, is

Ly(u)(z) == max {(u+)(y) 1 y = Tﬁ’,}l(a;), I'ew'}. (5.2)

Lemma 5.4. If 3 > 1 and ¢ : I — R is bounded and Borel measurable, and ¢ = Y—Q(Ts,v),
then the following statements are true:

(i) Ifr €I, neN, and u: I — R is bounded, then
£20)(@) + nQ(Ty, ¥) = L£3(w)(x) = mas{u(y) + Sprh(y)  y = Ty (@), ' € W},
(ii) For all z € (0,1] and n € N,
L1(0)(z) = max{ S, m(y) : y = Ty (@), I" € W} = max{S, ¥(y) : y € U;"(x)}.
(iii) For alln € N,
L£3(0)(0) = max{S,,mi(y) : y = Tp1.(0), I" € W"} = max{Su(y) : y € T;"(0) ~ {1}}.

(iv) Ly(supyeqv) = sup,eq Ly(v) for any collection A of bounded real-valued functions on

(V) If {untnen is a pointwise convergent sequence of bounded real-valued functions on I,

then nl_l)rfoo Ly(uy,) = £¢( hm un) where nl_l&loo denotes pointwise limit.

Proof. (i) The first equality in (i) is immediate from (5.1 and the fact that 1 = ¢ — Q(T}s, ),
and the second is easily proved by (5.2), Proposition (vi), and induction (cf. e.g. [IMUQ6),

TMU07)).

6Although non-linear, the operator Ly is tropical linear (see e.g. [LS24] for further development of this
tropical functional analysis viewpoint; see also [BLL13]).
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(ii) The first identity follows immediately from (i). For each n € N, each x € (0, 1], and
each I" € W™, by Proposition (ii) and (v), T 7. () is not the left endpoint of I". So by
Proposition (vii) and (ix), we obtain

max{S, (y) : y = Ty ia(z), I" € wnl = maX{Sgﬁl/J(y) ry=Ty1a(2), I" € wr}
= max{Sgﬁw(y) y e U™ (x)}.
(iii) The first identity follows immediately from (i). For each n € N, each x € (0, 1], and

each I" € W", by Proposition |3.24 (i) and (v), T;7.(0) is the left endpoint of I". So by
Proposition [3.24] (vii) and (ix), we obtain

max{ S, m(y) : y = Tz 7. (0), I" € W"} = max{S,¥(y =T 7.(0), I" e W"}
= max{S,(y) : y € Ty"(0) ~ {1} }.
(iv) follows readily from the fact that ¢ 4 sup,c 4 v = sup,¢ A(¢ +v), and

max sup(y +o)(y) =sup  max (Y +v)(y).
y:T[;;I(x),Ilewl vEA ved y= T* (@), Tew?

(v) Define v: I — R by v(z) = lim,_, u,(z) for all x € I. Fix arbitrary = € I and € > 0.
Then there exists N = N(x,¢) € N such that if n > N then |u,(y) — v(y)| < € for each of the
finitely many pre-images y € {7 5, 11 ) I'e Wt}

Fix n > N. Let yi, y2 € { 511 I e Wl} satisfy Ly(un)(x) = (¥ + u,)(y1) and
Ly(v)(z) = (¢ +v)(y2), so that
(Ly(un) = Ly(0))(@) < (¥ +un)(y1) — (0 +0) (1) = ualyn) —v(y1) <€ and
(Ly(un) = Lyp(v)) (@) Z (© +un)(y2) = (0 +0)(y2) = un(y2) — v(y2) > —

Then (v) follows. O
Notation. For > 1 and « € (0, 1], we write
1
K.3= .
a,B ﬁa 1
Lemma 5.5. Suppose 3> 1, a € (0,1], ¢ € C®*(I), and n € N. Then
Li(u)(x) = Lo(u)(y) = —Kap(|la + [ula)r —yl|® (5.3)

for alluw € C**(I), and all x,y € I with v < y.
If, moreover, for all 1 < i < n the interval [z,y) does not contain Uj(1), then

L5 (u)(x) = L3(u)(y)] < Kap(|0la + [ulo) ]z —y|*. (5.4)
Proof. Suppose u € C%*(I) and z, y € I with z < y. By Lemmal5.4] (i), there exists I" € W™

and ¢/ € T" with y/ = T 7 (y) such that
Li(u)(y) = w(y') + S d(y)- (5:5)
Since x < y, Proposition m (v) means that z € T§ (Tn) as well, so 2’ = T, 7. (z) € 7"

and
L3(u)(x) = u(a') + Sp (). (5.6)
Combining (5.5)) and gives

Eg( u)(@ ) - Eg( u)(y) 2 Snn @) + u(z’) = Snmd(y) — uly). (5.7)
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Since 2/, y’ € T, Lemma m gives

Snnd(x') = Spmd(y) = —Kapl|dlalz — y|* (5.8)

Now u € C%(I), so u(z') — u(y') = —|uls|z’ — ¥/|* and |2/ — /| = 7"z — y| by Proposi-
tion [.24] (ii), so u(z’) — u(y') = —|ulaf*|z — y|*. But f7"* < K,43, so

u(@) —uly') = —Kalulalz —y[*. (5.9)

Combining (5.7)), (5.8)), and (5.9) gives the required inequality ([5.3)).
A similar argument can be used to establish the bound (5.4). Specifically, suppose that

z,y € I and n € N are such that [z,y) N {Us(1) . Ug(1)} = 0, so that, by Proposi-
tion (v), if I € W" then x € Tﬂln([ ) if and only 1fy € [”n(fn).
By Lemma (i) there exists some I™ € W™ and 2 € T with 2" = T pn
L5(u)(x) = Snmo(z") + ufa”).

Defining y” = Tj57.(y), an argument analogous to the one above, using Lemma and
Lemma (), then gives

(x), such that

L3(u)(x) = L (u)(y) < Spmd(x") +u(a”) = Snmod(y") — u(y”)
< (B = 1) Ylalz — y|* + Julalz” — "
< (B = 1) Yolalz — yl* + JulaS7x — y|*
<(5a— D7 (¢l + [ula) 2 — [

= Kap(|9la + [ula)lz =yl
and ((5.4) follows. O

Of particular interest in the following Corollary will be the choice u = 0, the function
that is identically zero on I, and evaluation of (5.3) at either endpoint of I:

Corollary 5.6. Suppose 3> 1 and a € (0,1]. If ¢ € C**(I), n € N, and x,y € I, then
L£3(0)(0) = LE(0)(y) — Kaléla; (5.10)
L£50)(z) = L(0)(1) — Ka,pld]a- (5.11)

Proof. If y = 0 then (5.10) clearly holds. If y > 0 then ([5.10) follows from (5.3)) with z := 0
and w := 0, since in this case |u|, = 0 and |z — y|* < 1. Similarly, if z = 1 then (5.11)) clearly

holds, and if z < 1 then (5.111 follows from (5.3) with y :=1, u := 0. U

We are now able to find a fixed point u, of the operator L:

Proposition 5.7. Suppose 8 > 1 and o € (0,1]. If ¢ € C%*(I) then the function uy: [ — R
given by
ug(z) = limsup LZ(0)(z), z € I, (5.12)

n—-+o00

where ¢ = ¢ — Q(Ty, d), satisfies the following properties:

(i) ug is Borel measurable and |uy(x)| < 3K, p|¢la for each x € I.

(ii) If a € (0,1] then lim, ~, ug(z) exists, and satisfies limg ~q up(x) = ug(a). If a € [0,1)
then imy~ , ug () exists, and satisfies ug(a) = lmy , up(z). In particular, if a € (0,1)
then

I ,(z) > g(a) > lim ug(a). (5.13)
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(iii) Jug(z) = up(y)| < Kapldlalr —y|* if 0 <z <y < 1 satisfy [z,y) N Oy(1) = 0.
(iv) Lg(ug) = ug.
Proof. For each n € N and x € I, we write
pu(@) = LZ(0)(x)  and  gu(z) = sup pn(z). (5.14)

m>=n

Note that, for each x € I, the sequence {g,(z)}nen is non-increasing and

ug(x) = n1—1>r—|I—100 ¢n(z) = limsup p,(z).

n—-4o00

(i) Fix n € N. By (5.4), p, is continuous at all points except for Ug(1), ..., Ug(1), and hence
Borel measurable. Combining this with (5.12), u, is Borel measurable. By Lemma (iii),

there exists an n-cylinder I" = I(ay,as,. .., a,) such that
where
CL1 an —

Yn ::E—i—---—kﬁ ETﬁ”(O)\{l}. (5.16)
Define

k:=min{i e Ng:a; =0forall i +1 < j < n}. (5.17)

Case 1. If k = 0, we get that y,, = 0 and since 0 is a fixed point of T,
Pn(0) = n¢(0) < 0. (5.18)

Case 2. If k > 0, y, is the right endpoint of a k-full cylinder I* := I(ay,...,a; — 1) by
Proposition [3.24 (iii) and hence by Proposition [3.24| (iv) there is a T*

671k—ﬁxed point z, in T
By (5.16]), Tglk(zn) = 2, < yn < 1. So by Proposition [3.24| (ii) and (v), we have z, € I* and
T5(20) = T§ p(20) = 2. Moreover,

Sprd(2n) = Sk (2,) < kQ(Ts, 6) = 0. (5.19)

Since 0 is a fixed point of T3, ¢(0) < Q(13,¢) = 0, and hence combining this with the fact
that T4 (yn) = 0 (see ), we obtain
Sn®(Yn) = Sk0(yn) + Su—w(T5 (yn)) = Skp(yn) + (n = k)$(0) < Ske(yn)- (5.20)
Since Tj(yn) # 0 for each 0 <4 < k — 1, we have Tj(y,) = Uj(yn) for each 0 <i <k —1 by
Remark [3.3] Then by Proposition [3.24] (vii), we have
Ska(yn) = Sff%(yn) = Sk,ﬂca(yn)- (5-21)
Combining (5.17), (5.20), (5-21), Lemma [3.25 and gives
Pn(0) = Sné(yn) < Skd(Yn) = Sk, 150 (Yn) — Sk,re@(2n) + Sp160(2n) < Ko pldla- (5.22)
Combining Corollary , , and gives
Pn(z) < pn(0) + Ko pld)a < 2Kap|d)a forallz € I,n €N,
so from we deduce the upper bound
ug(x) < 2K, 5|0l forall x € 1. (5.23)

We now seek to derive a lower bound on wug4, via a lower bound on p,(z). Note that
Q(Us, ) = Q(Tj,6) = 0 (see Proposition (ii)), therefore Q(Us, Sf{%) =0 for all n € N.
Fix an arbitrary n € N. So by Proposition (iii) there is a probability measure pu €
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Munax(Us, ¢) such that [, S Y86 dy = 0, and combining this with the fact that S, n is the

continuous extension of ( S’ ) ‘fn see Proposition [3.24] (vii)), we obtain

0< Sup{Sgﬁa} = max{S, mo(w) : [" € W" w € I"}.

zel

So there exists I € W™ and w,, € I™ with

Sy rnd(wy,) = 0. (5.24)
Defining y := T} ;. (wn), Lemman (i) and ( - give
Eg( Wy) = max{Sn,Ingb w) :w="Ty7.(y), [" € W"} > S, md(w,) = 0. (5.25)
Combining (5.14)), Corollary [5.6] and (5.25) gives
pn(0) = L£5(0)(0) = LZ(0)(y) — Kapldla = —Kas|d|a- (5.26)

Let y, and k be as in (5.16) and (5.17). When k = 0, we get y, = 0 and p,(0) = ne(0).
Notice that 1/5" is the right endpoint of I"™ = (0,...,0), combining this with ([5.26|) gives

1) =Y 6(1/8) 2 pal0) = [0la Y 7 = —2Kald]a.
i=1 i=1

When k > 0, by Proposition [3.24] (iii) and (5.16]), we have the full n-cylinder
J*=1(0,...,0,a1,a9,...,ap — 1) € Wy,

with the right endpoint equal to y, /5", so since aj, > 0, Ug(y,/8"*) = 1. Then by (5.14)
and Lemma [5.4] (ii),

pa(1) = L2(0)(1) = max{8,"6(2) : 2 € U;"(1)} > Su"6(ya/B" ") (5.27)
Now by and ,

-k
Sn B (yn/B" ) = S 0 (yn) + 8,240 (n/ B"7F) = Skd(yn) Z (ya/B'). (5.28)

Note that ¢(yn/B") — &(0) = —|¢|a(yn/B")" for 1 <i<n—k, so

n—k n—k
S 0 (/B = (0= K)3(0) = [dla S (3a/5)". (5.29)
i=1 i=1
Since 377 (ya/8) " < 205 16 @ = Ko, gives
Zcb Un/B') = (n = k)$(0) = Ko p|d]a- (5.30)
Combining (5.27)), ((5.28]), 15 30)) gives
pn(l) (n = k)$(0) = Kasléla + Skd(yn)- (5.31)
However, and ([5.20)) together give
(n = k)$(0) + Skd(yn) = pa(0). (5.32)

So combining ([5.31)), (5.32), and (5.26|) gives

pn(l) = pn(o) - Ka,ﬁ|¢|a P _2K04ﬁ|¢|oz- (533)
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If z € I then (5.14)), Corollary [5.6] and (5.33) give
pn(x) = L50)(x) = LE0)(1) = Kapldla = pn(1) = Kapldla = —3Ka|¢la- (5.34)
By (5.12)) and (/5.34),

ug(z) = —3K4o5|0|a- (5.35)

The bounds (5.23)) and ((5.35) together give the required inequality |ug(x)| < 3K, 5|d|a, so (1)
is proved.

(i) If x < y then taking v = 0 in Lemma [5.5| gives
L£3(0)(z) = L5(0)(y) — Kapldlalz —yl*
and taking the limit supremum, together with ([5.12)), gives

U¢<1') > u¢(y) - Ka,ﬁ|¢|a|x - y|a‘ (536)
If a € [0,1) then in particular (5.36]) holds for all a < 2 < y, so taking liminf,~\, gives
i nf (1) > () — Koslolel — 31 (5.37)
and taking limsup,\ , in (5.37) gives
lim inf ug(x) > limsup ue(y), (5.38)
z\a y\a

so lim, , up(x) exists, as required. Now setting x = a in (5.36), and taking lim,\ , ue(y),
gives that

ug(a) = limuy(y), (5.39)
y\a

as required.
If a € (0,1], an analogous argument shows that lim, », us(x) exists, and moreover

li}n ug(x) = ug(a). (5.40)
If a € (0,1), the required inequality (5.13)) is immediate from ([5.39)) and (5.40)).

(iii) Now suppose z,y € I with 2 <y and [z,y) N Oj(1) = ). For any € > 0, by (5.14) and
(5.12)) there exists N € N such that |py(z) — us(z)| < € and gn(y) — ug(y) <€, so

ug(r) —ug(y) < pn(z) — an(y) + 26 < py () — pr(y) + 26 < Kapldlalz —y|* + 26, (5.41)

where the final inequality uses (5.4]). Similarly, there exists M € N such that |py(y) —us(y)| <
e and i () — up(z) < €, and an analogous calculation gives

ug(w) — ug(y) = —Kaplolalr —y|* — 2¢ (5.42)
Since € > 0 was arbitrary, (iii) follows from (5.41]) and (5.42)).
(iv) If € I then by Lemma [5.4] (iv), (v), and (/5.14)),
Ly(ug)(w) = Lg( lim go)(z) = lim Ea(fng L3(0)(x))

= lim (sunﬁgl“(O)(:c)) = nl_l)I_{loo Qi1 (x) = ug(x). O

n—-+oo m>

The following construction of the regularisations of the function w, is key to our revelation

theorem (Theorem [5.10)).
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Definition 5.8. Fix 8 > 1 and « € (0,1]. For each ¢ € C%*(I), let u, be the function
defined in (5.12)). Since Uj is left-continuous and upper semi-continuous on (0, 1], we define a
sub-action for (Ug, ¢) by

_ ug(0) if x =0,
U, () = 1'¢ . (5.43)
imy, ~ up(y) if 2 € (0,1].

Since T} is right-continuous and lower semi-continuous on [0, 1), we define a sub-action for
(T, ¢) by

li if 1

it () = {matipl) o ifre 0,1), (5.44)
’ limys 7y 1) ug(y) — @(1)  if o =1

We define the lefi-continuous revealed version & and the right-continuous revealed version
¢ by

o=+ Ug 5 — ug 40 Ug, (5.45)

ot =0+ u;7¢ — u/};(ﬁ oTg. (5.46)

We are now able to prove a Mané lemmaﬂ for beta-transformations, involving the above
sub-actions and revealed versions.

Theorem 5.9 (Mané lemma for beta-transformations). Suppose § > 1, a € (0,1], and
¢ € C¥(I). Then the following statements are true:

(i) ug, 4 is bounded left-continuous and upper semi-continuous on (0, 1], and u§,¢ is bounded
right-continuous and lower semi-continuous on [0,1).

(ii) ¢~ < 0 and ¢t < 0 on I. The function ¢~ is left-continuous on (0,1], and ot is
right-continuous on [0, 1).
iii) If the closed interval [z, y] C I is disjoint from the orbit O%(1), then
B
ug o () —ug 4(v)| < Kapldlalz —y*  and (5.47)
|uf 5(@) = uf 4 ()] < Koplglale —y|*. (5.48)

Remark. If § is a beta-number, then Oj(1) is a finite set, and by Theorem (iii), the
functions u, , and ug ¢ are piecewise a-Holder.

Proof. (i) follows immediately from - (5-44), and Proposition (ii).
(ii) Since T3(0) = U(0) = 0 (see (3.1) and (3.2)), by (5.45) and -,

67(0) = 6%(0) = 6(0) < 0. (5.49)
By and Proposition 7 (iv),
ug (T max{qb Y) +upge(y)ty € Uﬁ_l@)} for z € (0,1] and (5.50)
ug,(0) = max{d(y) + uss(y) : y € T;(0 {1}} (5.51)
So for all x € (0, 1], since Ug(z) € (0,1] (see (3.2)), then by we get
P(x) +upg(@) < ugg (Uﬁ(fc))- (5.52)

"The term Masié lemma originated in [BouO0], in view of the resemblance to a result of Mané [Ma96,
Theorem B] in the context of Lagrangian flows.
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Combining this inequality with (5.45)), (5.43), and Lemma [3.4] (i), for all 2 € (0, 1], we obtain

6™ (x) = () + uj 4(x) - uM(Uﬂ( z)) < 0. (5.53)
Combining and (5.53) gives ¢~ < 0 on I. By (5.46) and (5.44),

(1) = B(1) + (1) - uM(Tﬁ(l)) ~0. (5.54)
Fix 2 € (0,1). If Ty(x) # 0, then Ty(x) = Us(x) (sce Remark [B.3) and by (5.52),

<Z5( )+ use(®) < upp(Us(x)) = up g (Ts(2)).

If Tj(x) = 0, then by (5.51)),
D) + upp(7) < upp(0) = upo(Th(2)).
Combining the two inequalities above with (5.46)), (5.44), and Lemma[3.4] (i), for all « € (0, 1),

we obtain

oF(2) = d(x) + uj 4(a) — uf ,(Ts(x)) <0. (5.55)

Combining 1 -, and - ) gives gb+ 0 on I. The second part of (ii) follows from
(i) and Lemma Al (i).

(iii) This follows immediately from (5.43)), (5.44)), and Proposition (ii). O

The importance of Theorem [5.9]is in allowing us to establish a form of revelation theorem
(cf. [Jel9, Section 5]): the following Theorem [5.10] localises the support of a maximizing

measure as lying in the union of the zero sets of the revealed versions gb and ¢+ and reveals
that individual points in the support of such a measure have their full orbit, under either Uz or

T, contained in either (5*)71(0) or (5*)71(0) respectively. This latter fact will be exploited
in our proof of Theorem [I.2] more specifically in establishing the key Lemma [7.14]

Theorem 5.10 (Revelation theorem). Suppose f > 1, a € (0,1], ¢ € C**(I), and
€ Muax(Us, @). Then the following statements are true:

(i) If € supp yu, then either ¢~ =0 on Oj(z), or ¢t =0 on Op(x).

(i) If 1 € supp p then ¢~ =0 on O5(1).
In particular, supp u C ($+)‘1(0) U (%’)_1(0).
Proof. (i) Since ¢~ = ¢ + Ug » — ug 4 0 Ug (see (5.45)) where ug , is bounded and Borel
measurable (see Proposition (i) and (j5.43 ),Nand ® = ¢ — Q(Ug, ¢) is normalised, it

follows from Lemma (i) and (ii) that Q(Us,¢~) = Q(Us, ¢) = 0 and M (Us, @) =
Minax(Us, 6) = Minax(Us, ¢7). So

/;5— dp = 0. (5.56)

Suppose x € supp p, so that pu((z—e, x+€)) > 0 for all € > 0. Therefore, either p((x—e, z]) >
0 for all € > 0, or p((x,x +¢€)) > 0 for all € > 0.
First suppose that
p((z —€,x]) > 0 for all € > 0, (5.57)

and in this case we aim to show that

¢~ =0on Oj(x). (5.58)
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If z = 0, then (5.57) means that u({0}) > 0, and since ¢~ < 0, it follows that
0= [ du<ul{o)d (0)
so that ¢~ (0) = 0, in other words ¢~ = 0 on {0} = 05(0), so (5.58) holds.
If z # 0, we first claim that

1((y —€,9]) > 0 for all y € Oy(x) and € > 0. (5.59)

To prove (5.59), note that 0 ¢ Oj(x) since x # 0 (see Proposition (i)). Assume
that y € Oj(z) then y = Uf(x) for some k € N. By Lemma (i), for all € > 0 there
exists & > 0 such that Uf((z — 6,2]) C (y — €,y]. But u € M(I, Us), so implies that
(v — e 9)) = (U (y = €,9]) = nl(z =4, fc]) > 0. So holds.

Now ¢~ is left-continuous by Theorem [5.9| (i), so if y € O)(z) were such that ¢~ (y) < 0,
then there would exist p,e > 0 with ng \(y—ey) < —p, and would imply that

/5 du < /( 5 < pplly =) <0

which contradicts 1-) So ¢~ (y) cannot be strictly negative, but on the other hand ¢~
by Theorem (ii), therefore ¢ (y) = 0. Since y was an arbitrary point in Op(x), we have

shown that ¢~ =0 on Oj(z), which is the desired statement ({5.58]).
Now suppose that

u((z,z+€)) >0 for all € > 0, (5.60)
and in this case we aim to show that
¢" =0on Op(x).
Note that implies that x # 1, and consequently 1 ¢ Og(z) by Proposition (i). By

arguments analogous to the ones above, Lemma [3.4] (i) first implies that u((y,y +¢€)) > 0 for
all y € Op(x) and € > 0, and then the right-continuity of u;, and hence of ¢™, implies that

5+(y) = 0 for each y € Op(x), as required.

(i) If 1 € supp p, then (5.57) holds for x = 1, and the argument in (i) above gives (5.58)),
in other words ¢~ = 0 on Oj(1), as required. O

Remark 5.11. A consequence of Theorem [5.9, and a counterpoint to Theorem [5.10} is that
¢-maximizing measures can be characterised in terms of the support of their pushforward
under 75: specifically, for all 3 > 1, a € (0,1}, and ¢ € C%(I), there exists a closed
subset K C Xj such that a Ug-invariant measure p belongs to Mpax(Us, ¢) if and only if
supp Gs(p) € K. To see this, recall from Proposition that © € Muyax(Us, ¢) if and only
if Gg(pt) € Mumax(0|x,,¢ 0 hg), and then the continuity of o|x, and ¢ o hg means that the
existence of such a K (a so-called mazimizing set in the terminology of Morris [Mo07]) is
guaranteed (using [Mo07, Theorem 1, Proposition 1]) if

sup sup S7(¢ o hg)(A) < +oc. (5.61)
neN AEXB

The bound ([5.61]) can be proved using 5‘ and &r, since the sub-actions ug ,, u;}r » are bounded,
together with the fact that Xz = ms(I) Umj(I) implied by Lemma (ii). More precisely, if
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A€ my(I), with A = 75(x), then parts and of Proposition together with (5.45)),

give
S7(¢ 0 hs)(A) = S’ d(x) = 8u" ¢ (x) +uy (U (2)) — uy (x) for all n € N,

and using that 5’ < 0 (by Theorem , together with the bound on the modulus of w4 from
Proposition (i) and the definition of u,, yields

S%(¢pohg)(A) < 6K4p|p| for all n € N. (5.62)

If A€ mg(I) then a similar argument, using 5*, gives
S%(pohg)(A) <2(3Kaps +1)|p|a foralln € N (5.63)
(the righthand side of 1} differing from that of - ) due to the way u ¢ 1s defined at the

point 1), and - 5.63)) together imply ({5.61} -

Remark 5.12. In view of Remark [5.11] that characterises maximizing measures in terms of
some support being contained in a maximizing set, a natural question is whether the condition
that supp pu C (qb*)_l(O) U (gb*)_l(()), which by Theorem [5.10| is necessary for a Ug-invariant
measure to be ¢g-maximizing, is actually sufficient. The answer is no, as we explain below; note
that this contrasts with more familiar systems (e.g. open distance-expanding maps) where a
Mané lemma can be shown to hold, and the sub-action (and hence the revealed version) can
be shown to be continuous.

Let 8 ~ 2.48119 be the largest root of the cubic polynomial (3 — 2¢? — 2¢ + 2. This is a
non-simple beta-number, with 75(1) = 2(10)*°.

Define the ﬁxed point z = hg((1)®) = = ~ 0. 675 and the two period-2 points = =

ﬁf
hg ((10)>) = 52 : o~ 0481, y = hg((01)>) = ~ 0.194. We will exhibit Lipschitz

functions ¢ such that the pel"10(51vlC measure po= %( y) is not (Ugs, ¢)-maximizing, yet its
support {z,y} is contained in (¢*) " (0) (o7) 1( 0).
. 2 _
Defining 7(s) = (s + 1)/8, let x1 = hg (1(10)*) = 7(x) = % ~ 0.597, and define
sequences

1= hs ((12010)%) = h5<<1>im<1>>=7i<1>=ﬁ—i(2+iﬂj), ieN,

yi = hg ((1)"10(01)®) = 7" }(y/B) = il +£26£1_)6+1,

Note in particular that {¢;};cy is a backwards orbit of 1 (under Uy, but not Tj) converging to
z, that {y;}ien is a backwards orbit of y (under both T3 and Up), also converging to z, that
Tﬁ_l(x) = Uﬁ_l(a:) = {y, z1, 1}, and that the relative ordering of the various points is

1€ N.

O< 1 <Y< < <Yys <21 <Y <Y < Yg < -+ <2< <ty3 <ty <ty <l

For a € (0,1], let ¢ € C%*(I) be non-positive, with ¢(y) = —1 and ¢(z;) = —2, and

identically zero on the points z, 1, and all points in the two sequences {t;}ien and {y; }ien-

(For concreteness, ¢ might be chosen to be the function that is identically zero on the intervals

[0, 41, [y2, ys], and [ya, 1], and affine on each of [y1, y], [y, y2], [ys, 1], [21, ya], with ¢(y) = —1

and ¢(r1) = —2, though our analysis does not assume this). Note that ¢ is normalised,

i.e., Q(Ug, ¢) = 0, since it attains its maximum value 0 at the fixed point z. On the other
[¢

hand dp = _1/2 < Q(Us, 9), 50 1 ¢ Munax(Us, ¢).
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For this value of # (and indeed whenever 3 is a beta-number), it can be shown that the

sub-actions uj ,, uj , defined in (5.43), (5.44), satisfy ug () = limsup,,_,, maX{Sngﬁ(s) :
s € Ug"(r)} for all € (0,1], and u}f ,(r) = limsup,, , , max{Sgﬁgb((]s) 1S € Tﬂ_"(r); for all
r € [0,1). Now for each n € N, the point y, € Ug"(y)NT5"(y), and Sn”d(yn) = 0 = Sp”d(yn),
thus ug ,(y) = 0 = uj ,(y). For each n > 2, the point t, , € Uz"(z), and Sgﬁgb(tn_l) =0,
thus u;¢(x) = 0. Since the point 1 does not have any pre-images under T, the points t,,_;

do not belong to Tﬁ_”(:p) Apart from 1, the other two pre-images of x are y and z1, and the
inequality ¢(y) > ¢(x1), together with the fact that ¢ = 0 on the backwards orbit {y, }nen of ¥,

means that maX{Sgﬁqﬁ(s) s € Tﬁ_”(:v)} = ¢(y) = —1 for all n € N, and hence u} ,(z) = —1.
Finally, we can evaluate the left-continuous and right-continuous revealed versions at, re-
spectively, the points x and y, to find (cf. (5.45)) and (5.46))) that

F (1) = B) +105,4(2) = 5, (Us()) = 0() +105,4(2) = 5 (y) = 0+ 0+ 0 =0
and

3 (4) = Bly) + b o) — b o (Tow)) = D) + i y(y) — whglx) = —1+0+1=0,
so supp i = {z,y} C (gb*) 1( 0)U (ng )_1(0), as claimed.

6. EMERGENT NUMBERS

In this section we define the notion of emergent number, establish several alternative char-
acterisations, and show that emergent numbers constitute a small subset of (1, +00).

Definition 6.1. A real number 5 > 1 will be called emergent if
O (m5(1)) NS, =0 for all v € (1, 8).
The set of emergent numbers will be denoted by &, and called the emergent set.

Remark 6.2. The intuition behind the terminology emergent, as described in Section [I, and
in view of Lemma [3.17] is that the particular symbolic dynamics of the upper beta-expansion
m5(1) has newly emerged at the value 3, in the sense that it does not resemble any that has
been witnessed for v € (1,3). Note in particular that simple beta-numbers are emergent,
whereas non-simple beta-numbers are not emergent.

Recalling from (4.1)) that Zs = {z € I : () # mj(x)}, the following proposition gives two
alternative characterisations of emergent numbers.

Proposition 6.3. Consider B > 1. Then the following are equivalent:

(i) B is emergent.

(ii) mﬁ Hy C Zg for each v € (1, 3).

(iii) (O°(75(1)),0) is minimal.
Proof. (i) implies (ii): Assume that [ is emergent. Let us suppose, for a contradiction, that
the result is false, i.e., that there exists v € (1, 5) and = € I satisfying

€ (m N Hg) N Zg.

By Proposition Im m, we have O° (Wg(l)) = T} ((9’5(1)) Since 7 is continuous at x
(see Lemma ﬂ (iv)), we have mj(z) € Wg(l)) Since mg| w7 1s a homeomorphism (see
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Lemma (3.21)) and = € Hj, we have m3(x) € S,. Hence, since x ¢ Zg we have m5(z) = 75(z) €
O7(r5(1)) N S,, which contradicts (see Definition the fact that 3 is emergent.

(ii) implies (i): Assume that § is non-emergent. Then there exists v € (1, ) such that
K, =38,n07(m;(1)) is a non-empty closed subset of S, with o(K,) C K, by Definition .
Then by Lemma and Proposition , hs(KC,) is a non-empty closed subset of Hy
with T(hs(K,)) C hg(K,). Since hg is continuous and Of(1) = hg (O (75(1))) (see Propo-
sition , iii), and , we obtain hg(KC,) € Ojp(1). Hence hg(KC,) € Oy(1) N Hy.

If hg(K,) € Zg, then from the fact that Ts(hs(K,)) € hs(K,), and Lemma [£.2] (i), we have
both that 0 € hg(K,) and 0 ¢ Zs, which is a contradiction. If on the other hand hg(K,) € Zg
then there exists x € hg(K,) \ Zg. In both cases, (m N H}) N\ Zg is non-empty.

(i) implies (iii): Assume that 3 is emergent. Fix an arbitrary A € 07 (m3(1)). If 75(1) €

O7(A), then O7(r5(1)) = O7(A). So to show that (OU(WE(l)),J) is minimal, it suffices to
verify that m5(1) € O7(A). If on the contrary 75(1) ¢ O7(A), then O7(A) is a closed subset
of Sp disjoint from (1), which is the maximal element in S (see (3.8) and (3.11))). Hence,
from the fact that lim, -5 7%(1) = 75(1) (see Proposition 3.9 [(xiv)] and (3.10))), there exists
v € (1,8) with 0"(A) < (1) for all n € Ny. Hence by (3.11), A € O7(75(1)) N S,, which
contradicts the assumption that £ is emergent.

(iii) implies (i): Assume that [ is non-emergent. By Definition [6.1| there exists v € (1, 3)
and some B € O7(75(1)) N'S,. Hence the closure of O7(B) is contained in S,, and therefore

((’)“(W/’;(l)), o) is not minimal. O

—

Example 6.4. As a specific example of an emergent number that is not a simple beta-number,
let Fo =0, F; =01, and F,, o = F,,11F,, n € Ng. The Fibonacci word F is then defined (see
e.g. [Py02]) as the sequence F' := 0100101001 ..., whose prefixes are the F,,, and is a Sturmian
word (see e.g. [Py02]) of parameter (3 —+/5)/2. There exists 3 € (1,2) such that m5(1) = 1F,
i.e., the concatenation of 1 and F (cf. e.g. [CK04, p. 404]). Clearly, § is not a simple beta-

number. Since (O7(1F), o) is minimal (cf. [CK04, pp. 397-398]), 5 is emergent.

Lemma 6.5. If 3 > 1 is emergent then the restriction Uﬁ‘m 15 continuous, and the dynam-

ical system ((9’5(1), Us) is minimal.

Proof. Since 8 is emergent, then 0 ¢ Oj(1) by Proposition . Write § == d(0, O’B(l)) By
1| Oy(1) N (y,y +9/8) = b for each y € Ds. So for each pair of z, y € Oy(1) with
|z —y| < /B, we have (z,y) N Dg = 0 and hence Ug(z) — Us(y) = B(z — y). The first part

follows.
Let Y C Oj(1) be an arbitrary non-empty closed subset of Oj(1) with Us(Y) = V. If

1 €Y, then Y = O}(1). So to show that (O%(1),Us) is minimal, it suffices to show that
1 must belong to Y. If on the contrary 1 ¢ Y, then by Lemma there exists v € (1, 5)
such that Y C Hj. But (3 is emergent, so Y C Oy(1) N Hy C Zs by Proposition . By
Lemma (i), for each y € Y, there exists n € N with Ug(y) = 1, which contradicts the
assumption that 1 ¢ Y. The lemma follows. O

By the following result, emergent numbers constitute a small subset of (1, +00).

Corollary 6.6. The emergent set £ has zero Lebesque measure, and is a meagre subset of
(1, +00).
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Proof. Suppose g € £. By Proposition (Og(ﬂg(l)), O’) is minimal, so the fixed point (0)>
does not belong to O7(75(1)), and therefore the beta-shift (Sg, o) is a specified system (see
[BI89,, Proposition 4.5], [Sc97), Proposition 3.5]). So if Spec denotes the set of those 5 > 1 such
that (Sg, o) is specified, then & C Spec. But Spec is a meagre subset of (1,4o00) by [ScI7,
Theorem B|, and has zero Lebesgue measure by [Sc97, Theorem EJ, therefore £ also has these
properties. 0

7. TYPICAL PERIODIC OPTIMIZATION

The main goal of this section is to prove the theorems stated in Section [ Our proofs
rely on the properties of two important sets, Crit®(f) and R*(f). Some characterisations of

the set Crit®((), consisting of functions where the critical orbit is maximizing, are given in
Subsection [7.1] In Subsection we first define the local (periodic) locking set R¥(5) C

C%(I) which consists of ¢ € C%(I) satisfying ¢| my € Lock® (5| Hg) for all simple beta-

numbers v € (1, 3). We then prove that R%(f) is dense in C%*(I) (Proposition [7.8). Next
we prove Theorems [I.2 and [I.4] in Subsections [7.3] and [7.4] Theorem [L.1] follows directly from

Theorems and (see Subsection [7.5)).
7.1. The set Crit®(5).
Definition 7.1. For § > 1 and « € (0, 1], define
Crit*(8) == {¢ € C¥*(I) : O5(1) is a maximizing orbit for (Us, ¢)}. (7.1)

This naturally prompts an investigation into those invariant measures that are generated
by the orbit of the point 1. It is convenient to first define the following notions in Xg:

Definition 7.2. For 8 > 1, define the empirical measure p, on Xz by

n—1
1
Hn = " ZO 5gi(7r2(1))'

A measure p € M(Xg,0) is said to be quasi-generated by O (w5(1)) if it is an accumulation

point of the sequence { i, }nen. Let QG(S) denote the set of measures that are quasi-generated
by O7(m3(1)) and let CQG(/3) denote the convex hull of QG(f3).

Clearly QG(8) € M(O(r3(1)),0), and hence CQG(S) € M(O7(x5(1)),0). The set
QG(B) is known to be weak* closed (see [DGST6, Proposition 3.8] and [Gla03, p. 98]), hence
CQG(p) is weak* closed.

The above notions lead to an alternative expression for Crit®(f3):

Lemma 7.3. Suppose > 1 and a € (0,1]. Then
Crit®(8) = {6 € C**(I) : H3(CQG(S)) C Mumax(Up, 9) }- (7.2)
Moreover, Crit®(8) is a closed subset of C"*(I).
Proof. We first verify (7.2)). By (7.1), Proposition [3.9)[(v)} and Proposition [4.3] (iii),
¢ € Crit*(8) if and only if O7(7%(1)) is (o]x,, ¢ o hg)-maximizing. (7.3)
Assume that ¢ € Crit*(). Then implies that

lim ls;;(ap o hg)(m5(1)) = Q(lx,, ¢ 0 hp),

n—+oo N
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and therefore QG(f) € Muax(0|x,, ¢ 0 hg). Hence CQG(B) C Muax(o|x,, ¢ o hg). By
Proposition [4.3| (i) and (iii), it follows that Hz(CQG(S)) € Mmax(Us, ¢).
Conversely, assume that ¢ ¢ Crit*(/5). By [Jel9, Theorem 2.2],

1
lim sup ESZ@ o hg)(m5(1)) < Q(olx,, ¢ o hg),

n—-+00
but the fact that ¢ ¢ Crit®(/5) means there exists a subsequence ny * +o0o such that
. I o "
lim _Snk (Qb © hﬁ) (Trﬁ(l)) < Q(O-|Xﬁ’ ¢ o hﬁ)

k—+o00 Mg
Hence any accumulation point of the sequence {1, }ren, which belongs to QG(S) by Defini-
tion , cannot belong to Muax(0|x,, @ o hg). By Proposition 4.3| (i) and (iii), it follows that
H3(CQG(p)) is not contained in Myax(Us, @).
We then prove that Crit*(3) is a closed subset of C%*(I). If ¢,, € Crit*(/), then

/ budit = QUs, bn) (7.4)

for all 4 € Hg(CQG(B)), by (7.2). If ¢ — ¢ in (CO(I),| - |la), then [¢,dpu — [¢du for
all u € Hz(CQG(p)). But Q(Usg, -) is (1-Lipschitz) continuous, so Q(Ug, ¢,) — Q(Us, ¢), and

therefore implies that [¢du = Q(Us, ¢) for all u € Hs(CQG(B)). So Hs(CQG(B)) C
Minax(Ug, ¢). Hence ¢ € Crit®(5) by , and therefore Crit®(5) is closed. O

If 8 > 1 is emergent, the following lemma gives another characterisation of Crit®(/3).

Lemma 7.4. Assume that 8 > 1 is emergent, o € (0,1], and ¢ € C%*(I). Then the following
are equivalent:

(i) ¢ € Crit*(p).
(11) H,B<CQG(B)) C Mmax(Uﬁa ¢)
(ili) 1 € supp p for some pr € Miax(Up, ¢).

Proof. By Lemma , (1) is equivalent to (ii), so it suffices to prove that (i) is equivalent to (iii).
For this, first assume that ¢ € Crit®(3), so that Oj(1) is (Us, ¢)-maximizing. Suppose that p

is any accumulation point of {+ S 5U§(1)}neN' Note that O}(1) is compact, Us(O)(1)) =
Oj(1), and U/3|m is continuous (see Lemma . We obtain that suppu C Oj(1) and

weM (O’ﬁ(l), Ug|m) (see [Wa82, Theorem 6.9]). Hence p is also Ug-invariant as a measure
on I. In addition, 1 € Muax(Us, ¢) since Oj(1) is (U, ¢)-maximizing. But 3 is emergent, so
((’)’B(l), Us) is minimal by Lemma . Note that p can be seen as a measure on Oj(1) and it
follows from [Ak93, p. 156] that Ug(supp 1) = supp p. Hence supp p must equal Ojp(1), and
in particular 1 € supp p.

Conversely, if we assume that 1 € supp p for some p € Myax(Us, @), then (5.45), Theo-
rem 5.9} (ii), and Lemma (iii) together imply that Oj(1) is a maximizing orbit for
(Ug, ¢), and hence that ¢ € Crit®(3). O

Lemma 7.5. Suppose B > 1, a € (0,1], and ¢ € C*“(I). If 1 ¢ supppu for some p €
Minax(Ug, @), then there exists ' € (1, 3) such that Qg (¢) = Q(Ug, @) for all v € (B, B).

Proof. Suppose f1 € Muyax(Us, ¢) and 1 ¢ suppp = K. It follows that u € M(I,Tp) by
Proposition m (iii), and T3(K) = K by Lemma [3.14] Therefore, by Lemma m there
exists " € (1,3) such that K C Hy for all v € (f,3). In particular, u can be considered
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as an element of M(Hg,Tg) for all v € (#, ), and thus Qg (¢) = Q(Us, ¢) by l} as
]

required.
If B is emergent, we have the following corollary:

Corollary 7.6. Suppose 3 > 1 is emergent, a € (0,1], and ¢ € C¥*(I) \ Crit*(8). Then
there exists B’ € (1, 8) such that Qs~(¢) = Q(Us, @) for all v € (5, B).

Proof. Proposition (i) implies Muax(Us, ¢) # 0. Since ¢ ¢ Crit®(5), Lemma implies
that if 1t € Max(Up, ¢) then 1 ¢ supp p. The corollary now follows from Lemma 0

7.2. The set R*(/3). In this subsection, we use the approximation method developed in
Subsection [3.2] to prove a key result (Proposition [7.8)).

Definition 7.7. For each § > 1, denote the set of simple beta-numbers contained in (1, )

by Sim(f3).
For each 3 > 1 and each « € (0, 1], we define R*(3) C C%*(I) by

RY(B) = {¢p € C**(): ¢|Hg € Lock” (TB|Hg) for all v € Sim(8) }.
Proposition 7.8. For all 3 > 1, a € (0,1], the set R*(3) is dense in C%(I).

To prove Proposition , we mainly use the approximation method. For each 5 € (1, +00),
by [Pa60, Theorem 5], Sim(/3) is dense in (1, 3). By Definition v € Sim(3) if and only if
mp(1) has finitely many non-zero terms and v € (1, 5). Note that the function ¢, as defined in
Definition , is by Proposition a strictly increasing map from (1, 3) to BY. Hence
we obtain that Sim(/) is countable. Let us enumerate Sim(5) = {~,...,vn,...}. Then for
each ¢ € C%(I), we use Theorem[7.9 below to get a sequence of functions {¢, e in C%¢(I)
sufficiently close to ¢ such that ¢,| € Lock® (Tj| Hgn) for each n € N. Next, we check that

{dn }nen converges to a function ¢, € C%*(I) near ¢.

Another crucial ingredient in the proof of Proposition is the following typical periodic
optimization theorem due to Contreras [Col6, Theorem A] (the statement below is closer to
the reformulation of Bochi [Bocl19)]):

Theorem 7.9 (|Col6]). If X is a compact metric space and T: X — X is a Lipschitz
continuous open distance-expanding map, and o € (0, 1], then Lock®(T') is an open and dense
subset of C*(X).

Remark 7.10. The definition of expanding used in [Col6] is precisely what we here call open
distance-expanding and Lipschitz continuous. Note that Contreras’ result has been extended
in [HLMXZ19] to uniformly hyperbolic systems.

In the proof of Proposition [7.8| below, we will need to extend a Hoélder function, defined on
a subset of I, to the whole of I, without increasing its norm. The following lemma guarantees
that this can be done.

Lemma 7.11. For a € (0,1], 0 # K C I, and ¢ € C%*(K), there exists v € C**(I) such

that Yl = ¢ and [[¢[la.r = [[9]ax-

Proof. It follows immediately from the McShane extension theorem ([WelS8, Theorem 1.33]).
U

Proof of Proposition[7.8 Let € > 0 and ¢ € C%*(I) be arbitrary. Since Sim(f3) is countable,
we write

Sim(B) = {71,y
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We will recursively construct a sequence of functions {@;, fney in C%*(I), and two sequences
of positive numbers {3, }nen and {e, }nen below:

Base step. Define ¢y := ¢ and 6y := 1.
Recursive step. For n € N, assume that ¢, ..., ¢n_1, 0o, ..., 0,1 are defined. Define

e, = min{2_n€, 2—n507 e 2_1571—1}' (75)

Since v, is a simple beta-number, Proposition [3.22] gives that Tj| HY is Lipschitz continuous,

open, and distance-expanding, and then Contreras’ Theorem guarantees that there exists
Uy € CO(HJ") satisfying

Yy, € LOCkO‘(T5|Hgn) and ||¢n_1|H/’3Yn — w””a,Hg” < ep.

Applying Lemma for the subset Hg" C I and function ¢,_1| Hp ¥, We obtain an
a-Holder extension function ®,, defined on all of I, and with the same a-Hdélder norm, in
other words, there exists @, € C%*(I) satisfying @n‘Hgn = ¢n,1|Hgn — ¥y, and || Dy ||lar < €n.
Defining ¢, = ¢,,_1 — ®,, then gives

(bang” =, and [[¢pn—1 — Gnllar < en (7.6)
Finally, 9,, is defined to be any value such that
{©eC™(Hy) || — duluyp Haﬂgn < 8.} C Lock™ (Ts|u3n), (7.7)

where again Theorem and Proposition [3.22 guarantee that such a ¢, exists. Since each of
€n, On, and 6,, have been defined, the recursive step is complete.

By (7.6) and (7.5)), {¢n }nen converges uniformly to some ¢o, € C%*(I), and
+o0o +o00
H¢ - (booHa,I < Z H(anfl - (ana,I < Zen g €. (78)
n=1 n=1

For each n € N, from 1} it follows that S°7°°  e; < 6, and then

i=n+1 "7

+00 +oo
H%\Hgn — ool Ha,Hg" < on = doollar < Z ¢ — Ditilla,r < Z € < On. (7.9)

i=n+1
But 1) and 1} mean that @u| € Lock®(Tj| Hgn) for all n € N, in other words, ¢, €
R(S). But € > 0 was arbitrary, so the result follows. O

Corollary 7.12. For all § > 1 and a € (0,1], the set R*(5) \ Crit*(5) is a dense subset of
C%(I) \ Crit*(8).

Proof. Tt follows immediately from the fact that R*(3) is dense in C%*(I) by Proposition ,
and Crit®(3) is closed in C%*(I) by Lemma O

7.3. Proof of Theorem [1.4l
Corollary 7.13. If § > 1 is emergent and o € (0, 1], then
RY(B) N Crit*(8) € 22%(B) \ Crit*(p). (7.10)

Proof. Suppose ¢ € R*(f) ~ Crit*(f). By Corollary , there is a simple beta-number
Y0 € (1, 5) such that

Qp,0(0) = Q(Us, ¢). (7.11)
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The fact that ¢ € R*(f) implies that
ng‘Hgo € Lock® (Tg‘Hgo) - P (Tﬂ|H;0)‘

So there exists a periodic measure p € M(I,Ty) € M(I,Us) (see Proposition [3.13 (iii)) such
that

Jodn=as0) (7.12)
So from (7.11)) and (7.12)) we see that the periodic measure p satisfies [¢du = Q(Ug, ¢), and
therefore ¢ € 22%(5). But ¢ ¢ Crit*(53), so (7.10) follows. O

We require the following result, whose proof will be deferred to Appendix A.

Theorem A.1. If > 1 and a € (0,1], then the set Lock®(8) is an open and dense subset
of 2°(B).
Recall that Theorem [L4] asserts:

Theorem 1.4. If 8 > 1 is emergent and o € (0,1], then C**(I) is equal to the union of
Crit*(B) and the closure of the open set Lock™([3).

Proof of Theorem[1.4 Fix an arbitrary 8 > 1 that is emergent and « € (0,1]. We wish to
show that Lock®(8) \ Crit*(3) is dense in C%*(I) \. Crit*(3). By Theorem and the fact
that Crit®(3) is closed (see Lemma [7.3)), it suffices to prove that 22%(8) \ Crit®(3) is dense in
CO(I)\Crit*(8). The set R(3)\Crit®(B) is a subset of 22%(3)\ Crit*(8) by Corollary|[7.13)
and is dense in C%*(I) \ Crit*(8), by Corollary Therefore 22%(3) \ Crit*(p) is itself
dense in C%*(I) \ Crit*(), as required. O

7.4. Proof of Theorem [1.2l

Lemma 7.14. Suppose that 3 > 1 is non-emergent, o € (0,1], and ¢ € C**(I). Then there
exists ' € (1, 8) such that Qg (¢) = Q(Us, ¢).

Proof. By Proposition [4.3] (iii) there exists p € Myax(Us, ¢). Let us denote K := supp p.
If 0 € K, then ¢7(0) = 0 = Q(Us, ¢") or ¢=(0) = 0 = Q(Us,¢~) by Theorems [5.10| (i)
and (i), s0 dg € Muax(Us, @) (by (5.46) and Theorem [5.9| (i)), and therefore Qs (¢) =

Q(Ug, ¢) for every v € (1, B).
If 0 ¢ K then Ug(K) = K by Lemma Let us assume, for a contradiction, that the

result is false, i.e., that

Qp(¢) < QUs, ¢) forall v € (1, 5). (7.13)

Lemma then implies that 1 € K. Since 8 is non-emergent, Proposition [6.3] implies that
there exists v € (1, 8) such that Oj(1) N Hy is not iubset of Z3, where we recall from
that Zg = {x € I : ma(x) # m5(2)}. But 1 € K, so Oy(1) C K, and therefore I N Hy is not a
subset of Z3, in other words, there exists x € (/C N Hg) N 2.

By Lemma (4.2 (iii), the orbit Os(z) is equal to Oj(x), and it is contained in K N Hj since
Us(K) = K and Ts(Hy) € Hj. By Theorem [5.10] (i), $+|05(x) =0 or $_|Oﬂ(x) = 0. In other
words, Og(x) is contained in either (¢~)~(0) or (¢*)1(0). Since ¢~ < 0 and ¢+ < 0 (by
Theorem [5.9| (ii)), Lemma (iii) implies that Og(x) = Oj(z) is a (T, ¢)-maximizing orbit
and a (Ug, ¢)-maximizing orbit (by Proposition (ii)), so in particular,

lim ~S,6(z) = Q(Us, 6). (7.14)

n—+oo N,
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Now Os(z) C Hj and Tg’Hg is continuous (see Proposition W (1)), so by [Jel9, Theo-

rem 2.2], the corresponding time average is bounded above by the maximum ergodic average,
in other words,

Qs(0) > Tim_5,0(r). (7.15)

Now as an immediate consequence of (3.14), we have Q(Ug, ¢) > Qp~(¢). So combining
this inequality with (7.14]) and (7.15) gives Q(Ug, ¢) = @Qp(¢), which gives the required

contradiction to ([7.13]). The lemma follows. U

Corollary 7.15. Suppose 3 > 1 is non-emergent, a € (0,1], and ¢ € C**(I). Then there
exists ' € (1,5) such that

Qp~(0) = Q(Us, ¢) for ally €[5, 5). (7.16)
Proof. Let 3’ be as in Lemma [7.14] If v € [, 3) then
Qpp(9) < Qpq(0) < QUs, ¢), (7.17)

an immediate consequence of (13.14]), since Hg/ C H) CI. But Q(Us, ¢) = Qpp(d), by
Lemma [7.14} so ([7.17)) implies the required equality (|7.16]). O

The proof of the following result is similar to that of Corollary [7.13}
Corollary 7.16. If 5 > 1 is non-emergent, then R*(5) C 2*(B).

Proof. Suppose ¢ € R*(8). By Corollary [7.15] there exists 5’ € (1, ) such that Qs,(¢) =
Q(Ug, ¢) for all v € [, B), so in particular there is a simple beta-number v, € (1, 5) such
that

Q5.0 (0) = Q(Us, §). (7.18)
The fact that ¢ € R*(f) means that

¢‘Hgo S LOCka(Tg‘Hgo) - ya(TﬂHgo).

So there exists a periodic measure p € M(I,Tz) € M(I,Ug) (see Proposition [3.13] (iii)) such
that

Jodu=Quno) (719
Thus from 17.18:, (7.19) we see that the periodic measure yu satisfies [¢du = Q(Ug, ¢).
Therefore ¢ € 2%(3), as required. O

Recall that Theorem [T.2] asserts:

Theorem 1.2. If 8 > 1 is non-emergent and o € (0, 1], then Lock®(/3) is an open and dense
subset of C(I).

Proof of Theorem[I.3. Now Lock®(3) is by definition an open subset of C**(I), and The-
orem [A.]] asserts that Lock®(f) is dense in Z2%(f), so it suffices to prove that Z2*(f) is
dense in C%*(I). Since 8 > 1 is non-emergent, Corollary gives R*(8) C Z*(5), and
R(B) is dense in C**(I) by Proposition[7.8 So it follows that 27%(3) is dense in C%*(I), as
required. 0

Recall that Corollary [I.3] asserts:

Corollary 1.3. Fiz o € (0,1]. For a set of values f > 1 which is both residual and of full
Lebesque measure, the periodic locking set Lock®(B) is an open and dense subset of C%*(I).
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Proof of Corollary[1.3 By Corollary [6.6] the set (1,+00) \ € of non-emergent numbers has
zero Lebesgue measure, and is a residual subset of (1, +00). By Theorem([1.2] if 5 € (1, 400)\E
then Lock®(3) is open and dense in C%*(I), so the result follows. O

7.5. Proof of Theorem [1.1l. Recall that Theorem [L.1] asserts:

Theorem 1.1. For a beta-number f > 1 and any o € (0, 1], the set Lock®(5) is an open and
dense subset of C%(I).

Proof of Theorem[1.1 Assume that ( is a non-simple beta-number. Then O (W;(l)) is prepe-
riodic but not periodic. So O7(75(1)) = O° (m5(1)) and (O7(75(1)), o) is not minimal. Hence
B is non-emergent by Proposition So the result follows from Theorem [1.2]

Assume that S is a simple beta-number. Then Oj(1) and O7(wj(1)) are periodic, so
O07(m3(1)) = 07 (m5(1)) and (O7(75(1)),0) is minimal. Hence 8 is emergent by Proposi-
tion . Theorem [1.4] gives that C%*(I) is equal to the union of Crit*(8) and the closure
of Lock®(f), so it suffices to show that Crit®(f) is a subset of the closure of Lock®(5). If
¢ € Crit®(3) then from (7.2)) we see that the periodic measure supported by Oj(1) is (Ug, ¢)-
maximizing, so ¢ € £*([3), and therefore ¢ belongs to the closure of Lock®(f) by Theo-
rem [A.Jl Theorem [L1] follows. O

APPENDIX A. PERIODIC LOCKING AND PERIODIC OPTIMIZATION

The purpose of this appendix is to consider the set Lock®(5) C Z2%(f3) (see Section |1]) and
prove the following:

Theorem A.1. If 3 > 1 and a € (0,1], then the set Lock®(B) is an open and dense subset of
2(p).

A statement analogous to Theorem appeared as Remark 4.5 in [YH99] for maps with
hyperbolicity, and as Proposition 1 in the unpublished note [BZI5] for continuous maps. In

view of the slightly different setting here, and the folklore status of this result, a full proof,
using ideas from [BZ15], is included for the convenience of the reader.

Lemma A.2. Suppose f > 1, a € (0,1], and let p € M(I,Ug) be supported on a periodic
orbit O" of Ug. Then there exists C,, > 0 such that for all v € M(I,Us) and ¢ € C*(1),

/fb dv < /I(b dpt + o /Id(-, O dv. (A1)

Proof. Let us write n := card O’.
Case 1. If n = 1 then 0" = {y} for some y € I, and (A.1]) holds with C, = 1 because

f](bdy < f](¢(y> + |¢’a,ld('7 y)a) dv = f[‘b dlu’ + ’(b‘a,l f[d(‘a O,)a dV7

Case 2. If n > 1 then by ergodic decomposition, it suffices to prove for every ergodic
v € M(I,Up). Fixing an arbitrary ergodic v € M(I,Up), the ergodic theorem implies that
there exists a € I with

/I Gdv = lim_ %S,gﬂgb(a) and (A.2)

/Id(~,(’)’)o‘dyz lim lid(U}D}(a),O’)a. (A.3)

k—+oo k -
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Claim. There exists C), > 0 and a sequence y = {y;};2°°; with entries from O’ such that
1 1
lim —card{i € [0,k —1]NNy:y; =y} =— foreach y € O and (A4)
k—4o00 k n

Ui(a) — yi| < C)/*d(Uf(a),0") for each i € N. (A.5)
Note that a consequence of this Claim is, by (A.2)), (A.5), (A.4)), and (A.3]), that

k—1
/Igbdz/: lim lZgb(U;;(a))

k—+oo k
1 k—1 '
< tim 53000 + 16| U3(0) — )
=0
1 k—1 )
< kEI—Poo E ;(Qﬁ(%) + CM|¢|a,1d<Ué(a)’ Ol) )
1 1 k—1
_ 1 . - 7 AN
=~ y;y(y) + Cullar lim ;d(%(ax )

= /¢du + Cpl¢la.r /d(-, 0" dv.
I I

So the required inequality (A.1)) will hold, and the lemma will follow.
Proof of Claim. Our discussion will be divided into 2 cases. In each case it will be convenient
to write A(Q') = min{d(x,y) : x,y € O, x # y}.
Case 1. Assume that O’ is not the orbit of 1 under Us. By Proposition (i), we have
Dﬁ NO = @ Set
§:=2""A(0) (A.6)
and €* == (1/2)37"d(0’, D), so that Uj|p(or ) is continuous for all 0 < k < n — 1. For each
x € O, there exists ¢, € (0,€*) such that |Uj(x) — Uj(y)| < 6 for all y € (z — €,, 7 + €,) and
0 <i < n— 1. Moreover, if € :== min{¢, : x € O’} then
U5 (z) — U (y)] <6 (A7)
forall x € O, y € B(x,¢),and 0 < k <n— 1.
The sequence y is constructed recursively as follows.

Base step. Choose an arbitrary y_; € O, and mark y_; as a bad point.

Recursive step. For some t € Ny, assume that y_1, 4o, ..., y;—1 are defined. .
If d(Uf(a),0') < ¢, choose 3, € O’ such that d(Uk(a), O") = |Uf(a) — y|, set yeri = Uh(ye)
for each 1 <7 < n—1, and mark v, Yer1, .., Yrin_1 as good points.

If d(Ué(a),(’)’) > ¢, let p; be the number of bad points in {y_1,%0, ..., ¥1—1}, then set
y: = U (y-1) and mark y; as a bad point.

Note that the required (A.4]) is immediate from the above construction. To prove (A.5]),
note that for each bad point y;, i € Ny, we have d(Ué(a), (9’) >e> ed(Ué(a), yi), and for each

good point y;, we obtain d(Ué(a), O’) = d(Ué(a),yi) by 1} 1’ and our construction.
Therefore (A.5)) holds by choosing C,, := max{1, e “}, so the Claim is proved for Case 1.
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Case 2. Assume that O is the orbit of 1 under Uz. By Remark [3.11] § is a simple beta-
number. By Proposition m (i), DsNO'(1) = Uﬁ_l(l) No' = {Ug_ (1)}. Set

& = min{27'A(O'(1)), 27d(0,0'(1)) }. (A.8)

For each 0 <7 < n—1and z = Ué(l), we claim that there exists ¢; > 0 satisfying the
following properties:

(1) |Ué(zl) - Ué(y)! < forally € (2 — €, 2],

(2) {Ug(zz) - Ug(y)’ < ¢ forall y € (z;, 2z + €),

(3) !Ué(y)| < forallye (2,2 +¢€),n—i<j<n—1.

Indeed, by Lemma (i), limy Ug(y) = Ug(x)* for each = € (0, 1] and each j € N. Thus,
there exists €1 > 0 satisfying property (1). '

Now let A; =0 when i =n — 1 and A, = {zi, o Ug’Z’Q(zi)} when ¢ < n — 1. Note that
U@ is continuous on A; for each 0 <i§ n—1 since AiNDg=10,801f0<j<n—i—1then
Uy is continuous at z; and limy., Uz(y) = Up(2:)™.
property (2). ’

Since Ug_l(l) € Dg, by 1) we get that lim,\ ., Uj(y) = 0 for each n —i < j <n -1
Thus, there exists €; 5 > 0 satisfying property (3).

Defining ¢; == min{¢; 1, €2, €3}, we see that ¢; satisfies properties (1), (2), and (3).

Now define € := min{e : 0 < 7 < n — 1}, and construct y as in Case 1, except that
e and 0 are replaced, respectively, by € and ¢’. Then (A.4) holds immediately, while for
each bad point y;, i € Ny, we have d(Uj(a),0') > ¢ > ¢d(Uj(a),y;), and for each good
point y;, by (A.8) and properties (1), (2), and (3), either d(Uj(a),0') = d(Uj(a),y;) or
d(Uj(a),0') = 0" > §'d(Uj(a), y;). Hence (A.5) holds if we take C,, := min{(¢')~, (6')~, 1},
so the Claim is proved for Case 2. O

Having established Lemma [A.2], we are now ready to prove Theorem

Proof of Theorem[A.1] If ¢ € 22*(B), choose p € Muax(Us, ¢) supported on a periodic orbit
O’ of Ug, and for each ¢ > 0 define

by = ¢ — td(-, O")* € C¥(I).

Clearly ¢; belong to C%*(I), and converge to ¢ as ¢t — 0. By Lemma , ift >0, ve
M(I,Ug) \ {p}, and ¢p € C%*(I) with |[¢]|a.r < t/C,, then

/I(qﬁt—l—w)dl/:/I¢du+/lwdl/—t/ld(-,(’)')ady

< [odn+ [vdus (Cltlas—1) a0
- / 6+ 6) dpt+ (Cullas — 1) / a0 d
I I

Hence, there exists €0 > 0 satisfying

SO MmaX(Ug,gbt + 7,0) = {u}, and consequently, ¢, € Lock® (). Hence, Lock™(/3) is dense in
P*(5). Moreover, from their definitions, Lock®(f) is an open subset of 22%(/3), therefore the
theorem is established. 0J
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Remark A.3. Using the proof above, we provide a counter-example for the TPO Conjecture
for T when f is a simple beta-number. Let § > 1 be a simple beta-number and a € (0, 1],
define ¢ = —d(-,(%(l))a. According to the proof above, ¢ has the locking property in
C%*(I) with the unique Ug-maximizing measure equal to foy,(1)- Since fior) is not a Tp-
invariant measure, by Proposition [4.4] (ii) and M(I,T) € M(I,Ug) (Proposition [3.13] (iii)),
any function sufficiently close to ¢ has no Ts-maximizing measure, and consequently does not
have the locking property in C%*(T).
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