ERGODIC OPTIMIZATION FOR GAUSS’S CONTINUED FRACTION MAP

YINYING HUANG, OLIVER JENKINSON, AND ZHIQIANG LI

ABSTRACT. We extend part of the theory of ergodic optimization for distance-expanding maps to
Gauss’s continued fraction map. A structure theorem for the closure of the set of invariant measures
and the Mané lemma are established. We prove the typical periodic optimization (TPO) conjecture
for a-Holder essentially compact potentials and the typical finite optimization (TFO) property for
rationally maximized potentials.
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1. INTRODUCTION

The purpose of this work is to study the properties of maximizing measures for Gauss’s continued
fraction map G: [0, 1] — [0, 1], defined by

LY itz e(0,1],
Glz) = {0 it 2 = 0. (L)

For a general Borel measurable map 7': X — X on a metric space X, let M(X,T) denote the set

of T-invariant Borel probability measures on X, let M(X,T') denote the weak* closure of M(X,T)
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in the space P(X) of Borel probability measures on X, and define the mazimum ergodic average of
a bounded Borel measurable function 1: X — R to be

Q)= swp  fvdp (1.2)
HEM(X,T)

Any measure p € M(X,T) that attains the supremum in (1.2)) is called a (T, )-mazimizing mea-

sure, or simply a ¥-mazimizing measure, and the set of such measures is denoted by

Ml T0) = {n e MED): [0 = Qe . (13)

If 41 is a weak* accumulation point of M(X,T) with [¢du = Q(T, ), then p is called a (T, 1)-
limit-mazimizing measure and the set of such measures is denoted by

My T0) = {0 e MED): [we= Qe . (1.4

The ergodic optimization problem in this article will be concerned with the study of maximizing,
and limit-maximizing, measures for the Gauss map G and suitable real-valued functions . By
contrast with previous investigations of ergodic optimization for the Gauss map (see e.g. [Je0S,
JeSt10l [Pi23]), or more general countable branch maps (see e.g. [BF13, BG10l IGG24, IGGS25| To07),
JMUO06L [JMUQOT]), here we shall be concerned with those properties of maximizing measures that
are typical in spaces of Holder functions on I. Problems of this kind had attracted the interest of
Yuan & Hunt [YH99], who conjectured that for an expanding map, or an Axiom A diffeomorphism,
there is an open and dense subset of Lipschitz functions ¢ such that the 1)-maximizing measure is
supported on a single periodic orbit.

The Yuan-Hunt conjecture stimulated work by various authors (see [Bou0ll Bou08, I(CLT0I,
Mo08|, [QS12]), and was eventually proved by Contreras [Col6| in the case of expanding maps,
and by Huang, Lian, Ma, Xu & Zhang [HLMXZ25| for Axiom A diffeomorphisms; going beyond
the setting of uniform hyperbolicity, Li & Zhang [LZ25| proved the analogous result for expanding
Thurston maps from complex dynamics. The so-called typical periodic optimization (TPO) conjec-
ture (cf. [Bocl8| [Je19]) posits that for more general (suitably chaotic) maps, and spaces of (suitably
regular) functions, maximizing measures are supported on a single periodic orbit, for an open dense
subset of functions.

While the Gauss map shares certain features of expanding maps, the fact that it has infinitely
many branches complicates matters, and the lack of compactness of M(I,G) makes it appropriate
to study limit-maximizing measures rather than maximizing measures. This leads to a new phe-
nomenon: while it can be shown that typical periodic optimization is false, it seems to be the case
that typical finite optimization (TFO) holds; in other words, it is conjectured that there is an open
dense subset U of Lipschitz functions on I such that if ¢ € U then the (G, )-limit-maximizing
measure is unique and of finite support.

1.1. Main results. Henceforth we write I := [0, 1]. The Gauss map G : I — I defined by is
such that the set M(I, G) of G-invariant measures is not weak® compact. Any G-invariant measure
uw € M(I,G) satisfying u(I N Q) = 0 will be called Q-null, and the set of such measures will be
denoted by M. (I,G), the notation reflecting the fact that the set of irrational members of I is
given full mass by measures in M (I, G).

The noncompactness of M(I,G) means that certain continuous functions % do not have a maxi-
mizing measure; a satisfactory theory of ergodic optimization for G will therefore require an under-
standing of the closure M(I,G).

Each rational number ry in (0, 1] has a finite G-orbit rg, r1, ..., 7y, 0 terminating at the fixed
point 0. A related sequence rg, r1, ..., 1, —1, 1, 0 corresponds to the alternative form of the (finite)
continued fraction representation of rg. A discrete probability measure concentrating equal mass on
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each of the points in a such sequence of either of the two forms above will be called a finite-continued-
fraction measure (abbreviated as FCF measure). Although such measures are never G-invariant,

they are precisely the ingredient needed to understand the closure M(I,G), as described by our
first main theorem:

Theorem 1.1. The closure M(I,G) is equal to the convex hull of the union of Miy(I,G) and the
set of finite-continued-fraction measures.

A well-known feature of ergodic optimization, that is useful both for the identification of specific
maximizing measures, and for establishing typical properties of such measures in various function
spaces, is a result known as a Mané lemma. Our next main result establishes the following Mané
lemma for the Gauss map, in the context of the space C%%(I) of a-Hélder functions:

Theorem 1.2 (Mané Lemma). Suppose a € (0,1] and ¢ € C®*(I). There exists uy € CO(I)

satisfying the functional equation

ug(x) = sup{a( ! ) + u¢( ! )} forallz e, (1.5)

n+x

where ¢ = ¢ — Q(G, ¢).

Let T: X — X be a Borel measurable map on a metric space X, and a € (0, 1]. We define Z(T)
to be the set of those continuous functions ¢: X — R with a (7', ¢)-maximizing measure supported
on a periodic orbit, and define 2%(T') to be those a-Hélder functions in (7). If a function
¢ € PYT) satisfies card Mpax(T, ¢) = 1 and Muyax (T, ¢) = Mmax(T, ) for all ¢ € CO(X)
sufficiently close to ¢ in C%%(X), we say that ¢ has the (periodic) locking'| property in C%*(X)
(with respect to T'). The set Lock®(T) is defined to consist of all ¢ € ZP(T) satisfying the periodic
locking property in C%%(X).

Similarly, if a function ¢ € C%%(X) satisfies card M, (T, ¢) = 1, M (T, ¢) = Mz (T, )
for all v € C%¥(X) sufficiently close to ¢ in C%*(X), and the unique limit-maximizing measure is
uniformly distributedﬂ on a finite set, we say that ¢ has the finite locking property in C%(X), and
define Lockp®(T') to consist of those ¢ € C%*(T) with the finite locking property in C%%(X).

As we shall see (cf. Example , there exist functions ¢ € C%(I) that are not in the closure
of Lock®(G), which implies that the Gauss map G does not have the TPO property for a-Holder
potentials.

Inspired by the structure of M(I,G) as revealed by Theorem and the guiding philosophy
that maximizing measures are generically unique, and should be of low complexity, we state the
following typical finite optimization (TFO) conjecture for the Gauss map G: for a (topologically)
generic a-Holder function, there is a unique t-limit-maximizing measure and it is supported on a
finite set.

By Theorem the extreme points of M(I,G) are the ergodic invariant probability measures
in Mi,(I,G) together with the set of FCF measures. Any measure p € M(I,G) that is the
unique ¢-limit-maximizing measure for some continuous potential ¢ must be an extreme point of
w € M(I,G). Tt is easy to obtain that any extreme point of M (I, G) supported on a finite set must
be a periodic measure or a FCF measure.

Let €%(G) denote the set of a-Holder functions with a maximizing measure whose support does
not contain the point 0. The set €*(G) turns out to be contained in the closure of Lock®(G):

IThe terminology follows [Bocl9, BZI5| (see also e.g. [Bou00, [e00)]).

2A consequence of Theorem is that for the Gauss map G, all finitely supported extremal points of M(I,G)
are equidistributions on their support; by contrast, for more general maps T': I — [ with discontinuities, finitely
supported extremal points of M(I,T) need not give equal mass to their atoms. So it is natural to replace “uniformly
distributed” by “supported” in our definition of the finite locking property in such general settings.
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Theorem 1.3 (TPO for essentially compact potentials). For a € (0,1], the set Lock®(G)
contains an open dense subset of €*(G) (in the a-Hélder topology).

Let R*(G) denote the set of those a-Holder functions such that either the Dirac measure dg or
some FCF measure is limit-maximizing. We call functions in R*(G) rationally mazimized potentials
due to their close connection to rational orbits (cf. Definition [5.1]).

We prove the following typical finite optimization result:

Theorem 1.4 (TFO for rationally maximized potentials). For « € (0, 1], the set Lockp®(G)
contains an open dense subset of R*(G) (in the a-Holder topology).

It follows immediately from the definition that Lockg®(G) N R*(G) is open in C%(I).

1.2. Organisation of the article. In Section [2] some frequently used notation and assumptions
are fixed. Section [3| consists of a summary of continued fractions (in particular bounded continued
fractions, which are used in the proof of Theorem , as well as the Gauss map, its invariant
measures, its inverse branches, and its symbolic coding. In Section [4, we introduce the notion
of limit-maximizing measures, and establish some basic properties of maximizing measures. In
Section [5] we introduce finite-continued-fraction measures, and prove a structural theorem for the
closure of the set of invariant measures of the Gauss map (Theorem [L.I]). In Section [6] we discuss
the Bousch operator for the Gauss map and prove the existence of a fixed point of the normalised
Bousch operator; we are then able to establish the Mané Lemma (Theorem . In Section (7| we
prove Theorems and In an appendix we establish the periodic locking property for the
Gauss map, which is used in the proof of Theorem [I.3]

2. NOTATION AND ASSUMPTIONS

Let I denote the interval [0, 1], equipped with the Euclidean metric. Throughout this article, the

golden ratio is denoted by 6 = \[H , we set cg = M, and for each o € (0, 1] we define
C—Qa +oo
Ko = 709 =Gy 6T (2.1)

n=0
We follow the convention that N := {1,2,3, ...}, Ng := {0} UN, and N := NU {cc}. The sets
N, Ng, and N will all be equipped with the order relations <, <, >, >, defined in the obvious way.

We endow N with the discrete topology and N, NN with the product topology for each n € N. Let
p be the metric on N defined by

1_1 ifa,beNand a #b,
pla,b) = q @ 0 g
0 if a=>0.

Observe that p is totally bounded, and the completion of N with respect to p is a compact metric
space that can be identified with N=NU {oo}. The metric p extends to N and we denote the
extension by p. Note that p(n,o0) = 711 for every n € N, and p(oco,00) = 0. We also endow N" with
the product topology for each n € N.

For x € R, let | x| denote the largest integer < z. As usual, log will denote the natural logarithm,
and log, the logarithm to base ¢ for ¢ > 0. The cardinality of a set A is denoted by card A. For sets
A, B, denote AAB = (AN B)U (B~ A).

The collection of all maps from a set X to a set Y is denoted by Y*. We denote the restriction
of amap g: X — Y to asubset Z of X by g|z. Given a map f: X — X and a real-valued function
P: X = R, we write Sp¢(z) = Z?:_ol w(fj(:n)) for z € X and n € Ny. Note that by definition we
always have Spyp = 0. We denote the set of bounded functions from X to R by B(X).

Let (X, d) be a metric space. For subsets A, B C X, we set d(A, B) := inf{d(x,y) : x € A, y €
B}, and d(A,z) = d(z,A) = d(A,{z}) for z € X. For each subset ¥ C X, we denote the
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diameter of Y by diamy(Y') = sup{d(z,y) : z, y € Y}, the interior of Y by int Y, and the max-plus
characteristic function of Y by Oy, which maps each x € Y to 0 € R and vanishes otherwise. We
use the convention that O = Ox when the space X is clear from the context. For each r > 0, we
define BY(A) to be the open r-neighbourhood {y € X : d(y, A) < r} of A, and Bj(A) the closed
r-neighbourhood {y € X : d(y,A) < r} of A. For z € X, we denote the open (resp. closed) ball
of radius r centered at x by By(z,r) (resp. By(x,7)). For u € M(X) and a u-integrable function
¢: X — R, we write

(1 6) = /[ bdu.

We set C(X) (resp. B(X)) to be the space of continuous (resp. bounded) functions from X to
R, M(X) the set of finite signed Borel measures, and P(X) the set of Borel probability measures
on X. If we do not specify otherwise, we equip C(X) with the uniform norm || - ||o. For a Borel
measurable map g: X — X, M(X, g) is the set of g-invariant Borel probability measures on X and
Merg(X, g) is the set of ergodic measures in M(X, g). For each z € X, we denote by d, the Dirac
delta measure on x given by 0,(A) = 1 if x € A and 0 otherwise for all Borel measurable set A C X.

The space of real-valued Holder continuous functions with an exponent a € (0, 1] is denoted by

C%*(X,d). For each v € C%¥(X,d), we denote

V], x = sup{|¢(x) —¢)|/d(z,y)" 1 2,y € X, x # y},

and the Holder norm is given by ||¢]|a, x == |¥|a, x + || |lcc. We omit the subscript X when it does
not cause confusion.

For a nonempty set £ and n € N, let us denote EN = {(ar)ren : ar € E for all k € N},
E™ = {(ap)}_; rar € Afor all 1 <k € n}, and E* := o E”.

Define the (left) shift map

0O =0fN: EN - BN

by 0(A) = (ant1)nen for all A = (ay)nen € EN. We often omit the subscript EN in oy when it is
clear from the context. Sometimes we also consider this shift as defined on words of finite length.
Given A € E*, by |A| we denote the length of the word A, i.e., the unique n such that A € E™. If
A c EN and n € N, then denote Al, = ajas...ay,.

We denote 3 := NN and %, := {1,2,..., m}N.

For a sequence of natural numbers {a;};eny € NV, for each n € N we denote by [a1,...,a,] the
rational number

| | :
ai,...,ap| = ————,
" a) + ﬁ
i
and denote [a1, ag, .. .| = lim,_oo[a1,. .., ay), the real number in I with continued fraction (a,)nen-
We denote by [ar,.--,ay,] the number with periodic continued fraction.

3. THE GAUSS MAP AND CONTINUED FRACTIONS
3.1. Continued fractions.

Definition 3.1 (Continued fraction transformation). The continued fraction transformation
(or Gausﬂ map), is the map G: I — I defined by

L1 ifz
o-{i- ¥ g2e

3The common convention of referring to G as the Gauss map reflects the foundational work of Gauss [Gal2)
(cf. e.g. [Br91]) on the statistical properties of continued fractions (having worked on probabilistic aspects of continued
fractions in 1799-1800 (cf. [Gal2]), his understanding of the so-called Gauss measure was mentioned in an 1812 letter
to Laplace (see [Br91l, pp. 147-148]). As a self-map of I = [0, 1], the value G(0) is habitually defined to be 0 (see
e.g. [EFSU14, Ma87, [PW99]).
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Note that G~(1) = 0, G71(0) = {0} U {1/n}nen, and
G lz)={1/(a+z):a e N} forze(0,1). (3.1)

The connection between G and continued fractions is that for each irrational x € I, there are unique
natural numbers a;(z) == [1/G*"!(z)| such that

x = lai(x),a2(x),...] = lim [a1(z),a2(x),...,an(z)], (3.2)

n—-+4o0o

and (3.2)) is the continued fraction expansion of x (cf. [Sc80, Lemma 4D]).

Lemma 3.2. Every x € (0,1) NQ has precisely two finite continued fraction expansions, one of the
form [a1,ag, ..., a,] with ay, > 2, and the other of the form [a1,az,...,a, — 1,1].

Proof. See [Sc80, Lemma 4C|. O

To accommodate the nonuniqueness of continued fraction expansions of rational numbers, it will
be convenient to distinguish between those expansions which do, or do not, contain the digit 1, in
the following way:

Notation 3.3. We let
Ry ={l/a:a€eN,a>2}={[a] :a €N, a>2}
denote the set of unit fractions with the value 1 excluded, or in other words
Ry = G710)~ {0, 1}.
For n > 2, set
Ry, =G " (R)) = {[a1,as,...,a4] : (a1,...,a,) € N, a, > 2}. (3.3)

Note that
R, = G7"(0) ~ G~ »"1(0),

in other words R,, is the set of those points in I whose G-orbit lands at O for the first time after
precisely n iteratesﬁ
For each n € N, define A,, C N" by

A, ={(a1,...,a,) € N" 1 a, > 2}. (3.4)
Denote A = > A, C N*. For each n € N, define B,, C N" by
B, ={(a1,...,a,) € N": a, =1}.

Denote B = U:g B, C N*. Clearly, for each n € N, the sets A,, and B,, together form a partition
of N,
For each n € N, define the bijection f,: A, — Bpi1 by

(a1,a2,...,a,) = (a1,a2,...,a, —1,1).
Let f: A — B be the function defined by f|4, = fn for all n € N, Define g, : A, — R, by
gn : (a1,a2,...,a,) — [a1,a2,...,a,]. (3.5)
It is easy to see that g, maps A, bijectively to R, (see Lemma (iv)). Let g: A — (0,1) be the
function defined by ¢|4, = g, for all n € N.

4Note that the point 1 is not in the image of GG, so the only eventually fixed orbit containing 1 is the two-element
orbit {0, 1}.
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Let a1, a9, ag, ... be variables. We define polynomials pg, qo, p1, q1, P2, g2, - .., With p, and ¢,
being polynomials in aq, ..., ay,, as follows:

bo = 07 b-1= 1> Pn = GnPn—1+Pn—2, N = 17 27 s
qo = 17 qd-1 = 07 Qn = GnQn—1 + Qn—2, n= 17 27 v

Definition 3.4 (Continuants). Fix n € N. For any finite word a = (a1, ...,a,) € N”, the integers
pn(a) and g, (a) satisfy

pn(a)
[al,ag,...,an] qn( )
The denominator gy (a) is called a continuant of the continued fraction [ay, ..., a,]. We also define
the gr(a) for k < n, even if the word a has length larger than k; in this case gi(a) is just the
continuant gx(ali), where al is the restriction (a, ..., ax).

The following lower bound on the growth of continuants is expressed in terms of the constants cgy
and ¢ (defined in Section [2)):

Lemma 3.5. Ifn € N and a € N”, then q,(a) = cob".
Proof. See [JoSal6, Lemma 1]. O

3.2. Invariant measures.
Notation 3.6. Fix u € M(I). Define Py(u), Po(p) € M(I) by
PU(i)(A) = (ANQ)  and  Pa(u)(A) i= (A~ Q)

for all Borel sets A C 1.
Lemma 3.7. We have G(INQ) = [0,1)NQ, G~1(INQ) = INQ, and G(I~Q) = G~1(I~Q) = I~\Q.
The set M(I, Q) is the convexr hull of Miw(I,G)U{dp} and M(I,G) = Min(I,G).
Proof. The first part follows immediately from Definition[3.1] Clearly, 8y € M(I,G) and M (I, G) C
M(I,G).

Fix y € M(I,G). For each Borel set A C I, since G'(INQ)=INQand G (I~ Q) =1\Q,

we have

GlANQ) =1 ANGHINQ) =G (4A)NQ and
G ANQ) =G1ANGHI~NQ) =G4 \Q.
Thus, for each Borel set A C I, we have
Pi(p)(G7H(A) = p(G7HA) NQ) = p(GTHANQ)) = p(ANQ) = Pi(u)(A),
Py(p)(G7H(A)) = p(GTHA) N Q) = p(GTHAN Q) = p(A N Q) = Po(p)(A).
Hence P;(p) and Pa(p) are G-invariant. Note that

+oo
p({0}) = w(G7H(0)) = n({0}) + Y u({1/n}).
n=1

Since p1 is G-invariant, we have u({1/n}) = 0 for all n € N and p(G~%(1/n)) = 0, for all n, k € N.
Consequently, we obtain u((I NQ) ~ {0}) = 0 and Pi(u) = p({0})dp. When u({0}) = 1, we have
w= Pi(p) = 0o. When p({0}) < 1, we have mPQ(,u) € M (I,G). Therefore, pu is contained
in the convex hull of M. (I, G)U{dp}. But p was an arbitrary member of M(I,G), so we see that
M(1,G) is the convex hull of My, (I,G) U {do}.

Now My, (I,G) € M(I,G), so Min(I,G) € M(I,G), and the reverse inclusion M(I,G) C
Min (I, G) follows from dg € Min(I,G), since lim [n] = 0 and djz € M (1, G), so the second

n——+0o
part now follows. O
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Remark 3.8. The set M(I,G) is not closed with respect to the weak® topology. Write z,, =
[2,n,2,n] for n € N. Then {x, },ey are the periodic points of G satisfying G?(z,,) = =y, liIJrrl Ty =
n——+0oo

3, and nligloo G(xn) = 0. Define pir, = 3(8z,+0G(z,))- Then the weak* limit of the sequence {/in }nen
is 1t = 5(d0 + 01 /2), which is not G-invariant (see Lemma .
The following lemma allows us to abuse notation by identifying M(I\Q, G| q) with M (I, G) C

M(I,G). Define j: I ~Q — I to be the inclusion map and j.: M(I \ Q, G| q) = M(I,G) to be
the pushforward of j, i.e., for each Borel subset A C I and € M(I \ Q, G| q), we define

() (A) = p(57H(A) = n(AN Q). (3.6)
Lemma 3.9. The map j. is a continuous bijection from M(I \ Q, G| q) to Min(I,G).

Proof. By the fact that j is continuous, j, is well-defined and continuous. Assume that pi, ps €
M(I N Q,Glrwg) with ju(u1) = ju(p2). Then by [B.6), p1(A\ Q) = p2(A \ Q) for every Borel
measurable subset A C I. So pu1 = ps and consequently j, is injective.

Fix p € Mi(I,G). Define v € M(I ~ Q) by v(A) := u(A) for each Borel subset A C I \ Q.
By the assumption that g € M. (I, G) and the definition of M. (I,G), we get v(I ~ Q) = 1. For
each Borel subset A C I \ Q, from the fact that G='(I ~ Q) = I \ Q, the definition of v, and the
fact that p € M (I, G),

V((Glig) ™ (4)) = »(GH(A)) = u(G1(A)) = u(A) = v(A).
Hence v € M(I \ Q,G|;.q). For each Borel subset B C I, by , the definition of v, and
the fact that p € Min(I,G), we have j.(v)(B) = v(B\ Q) = (B~ Q) = u(B). So j«(v) =

and consequently j, is a surjective map from M(I N\ Q,T|; q) to Mi(I,G). This lemma now
follows. O

3.3. Inverse branches. The following notational conventions for inverse branches of the Gauss
map follow Jordan & Sahlsten [JoSal6].

Definition 3.10 (Inverse branches). For each a € N, define G,: I — I by

1
Ga(x) = e for all x € I, (3.7)

so that becomes
Gl (z) = {Gu(x) :a €N} forall z € (0,1).
Let us denote I, := G4(I). For each n € N and a = (a1, a2,...,a,) € N*, define Ga: I — I to be
Ga =G, 0Gg,0---0G,, . (3.8)
In other words, Ga(x) = [a1,a2,...,a, + x] for each a € N" and each x € I. Denote I, := Ga(I).
Notation 3.11. It will be convenient to define Goo: I — I by setting G (2) = 0 for each z € I.
Recalling that N := NU {oo}, for n € N and a € N we define Gz = (a1,a2,...,a,): I — I by
Gz =Gg, 0Gg,0---0Gy,, (3.9)
and set
Iz = Gi(I).
Fora = ajas--- € NNU Urs N", we define its co-indez 1(a) to be the smallest k such that @ = 0o,
so that ¢(a) = +oo precisely when A € NN U Ut Ne.
Lemma 3.12. Ifn € N and a € N”, then
an(2) 72 /4 < |Gy

< Qn(a)_Qa
and in particular, the length diam I, satisfies %qn(a)_2

< diam I < gn(a)~2.
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Proof. See [JoSal6, Lemma 2]. O

Proposition 3.13. Ifn € N, then
(i) |GL(x)| < cg2072" for allz € T and a € N™.

(ii) Fora=ajay...a, € N" N

o {{0} if 1(8) =
T {lar,az, - @y} if (@) =2

(iii) For a € N, the map G, is strictly increasing for n even, and strictly decreasing for n odd.

(v) For each x € I, the closure of {Ga(z) : a € N"} is the set {Ga(z):a € N"}

)
(iv) For each x € I, the map Nt I, a s Gz(z), is continuous.
)
(vi) Ifz € I~ Q and a € N", then Gi(q)(7) = G (Ga(x)) for all integer 1 <i < n — 1.

Proof. . (i)| Lemmas [3.5 H and [3.12| immediately yield |G (x)| < gn(a)™2 < 52072,

[(ii)] follows from the definition of Gz (see (3.9)) and the fact that Goc =0 on L

is immediate from the fact that G, is strictly decreasing for each a € N (cf. (3.7)), and Ga
is the composition of n such maps (cf. (3.8)).

Suppose as m tends to infinity, 8y, = @m,10m2 . . . Gm,n converges to a = ajas .. .a, in NG

If a € N”, then a,, , = ai, for all k € {1, 2, ..., n} when m is large enough. So, G5, (z) = Tx(z)
when m is large enough.

IfaecNr N™, let [ := ¢(a) be the oo-index of a. When I =1, we get a; = oo and lim ap1 =

m——+00

+00. So Gz(z) =0= hm Gs,, (x). When [ > 2, we obtain Gz(x) = [a1,a2,...,a1-1], Gm = ak
forall k € {1, 2, . lfl} When m is large enough, and 1_1)15_1 am, = +oo. Hence, 1_1)15_1 Gz, (z) =
Gz(z), and follows.

DenoteW':{G():aeN”}andW {Ga(z) :ﬁeN“} FixyEW\W Then
y = G g(x) for some b = biby...by € N" N". Let k := L( ) be the oo-index of b. By (ii), we
get y = Gg(z) = 0 when k = 1 and y = Gg(z) = [b1,...,br—1] when k > 2. For each m, define
by, == (m,...,m) € N® when k = 1 and define by, := (b1,...,bg_1,m,...,m) € N* when k > 2. It
is easy to check liI_Ii_l Gbp,, () =y. Hence, W C W.

m——+0Q
Assume that z € W. Then there exists a sequence {a,, } men in N with 1ir_1i_1 Ga,,(x) = z. Since
m——+0Q
N is compact, there exists ¢ € N and a subsequence {am,, }ren of {am, }men such that {a,,, }ren
converges to ¢ as k tends to infinity. By we obtain that
Ge(x) = kETm Ga,,, (2) = lim Ga,(z) =z,

m——+00

so z € W. But » was an arbitrary member of W, so we have shown that W C /W, and follows.

Assume that © = [b1,b2,...,bn,...] € I\ Qand a = [ay,...,ap]. Then, by the definition of
Ga and G, we see that Gyi(a)(2) = [@it1,. .., an,b1,b2, ..., by, ... | = G*(Ga(2)), as required. O

Notation 3.14. Given ¢ € R', n € N, and @ € N, define the function S, g¢: I — R by

n—1
Snat =Y _ 10 G- (3.10)

We need the following standard lemma (cf. [Wa78, pp. 144-147], and see also [MUO03|, Lemma 3.1.2]
in the context of conformal graph directed Markov systems).
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Lemma 3.15. Suppose o € (0,1] and ¢ € C**(I). For alln € N, a€ N, and x, y € I,
|Sn,ad(z) — Spad(y)| < Kaldlalr —y|*.

Proof. The inequality clearly holds if x = y, while if  # y then the a-Hoélder assumption, together
with the intermediate value theorem, implies that there exists some &; in between x and y for each
0 < i< n—1such that

n—1
Sn,a6(®) = Snad()| < [dla Z\Ggqa — Clita )1 = [8la 3Gl (&) [ =yl
i=0
and the result follows readily from Prop051t10n 3| (i) and the definition of K, (see ([2.1). O

3.4. Symbolic dynamics.
Notation 3.16. Define the N-valued full shift ¥ by
¥ =NV,
and as usual define the shift map o: ¥ — ¥ by o((an)nen) = (an+1)nen-
Recall that p(a,b) = |f — f‘ for a, b € N, and p denotes the extension of p to N given by defining
pla,00) =1 fora € N and p(oo,00) =0 (cf. Sectlon'
Recalhng that 6 = f“ , define the metric d, on X by

= Z H_an (an,bn),

neN
where A = (ap)nen, B = (bp)nen € X.

Definition 3.17 (Compactlﬁcatlon of (£,d,)). Since the metric d,, is totally bounded, its metric
completion, denoted by Z is a compact metric space. In particular, S is a compactification of X.
The compactification S can be described more explicitly. More precisely, 5} can be identified with
NN equipped with the extended metric dj, where

ds(A, B) =3 072" 5(@n, bn), (3.11)
neN
for A = (@n)nen, B= @”)neN e NN,
The shift map o extends to a continuous self-map o : ¥ — 3 given by o((@p)nen) = (@n+1)nen-
For each n € N, define the cylinder set C(ay,as,...,a,) to consist of those sequences @i)z‘eN e

such that /b\l/b\g .. En =a1as...ay,.

Notation 3.18. Define the homeomorphism (cf. [Mil7, Theorem 1.1]) 7: ¥ — I \ Q by

m((ai)ien) = la, az,...],
and note that
moo=Gor. (3.12)
Let R
TX =T

denote the continuous extension of 7 to .
Remark 3.19. It is readily checked that 7 satisfies
[G1,G2, ..., Gny...] if A€, ie., 1(A) = +oo,
7(A) =40 if Ae £\ % with ((4) =1, (3.13)
al,ag,...,ab(g)_l] if Ae XX with 2 < (A) < 400,
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where A = (@;);en € 2.
We will need the following lemma:

Lemma 3.20. Ifa, b € N with a # b, then |z —y| < 2p(a,b) for all x € 1,, y € I.

Proof. Without loss of generality, assume that a < b. If b = oo, then |z — y| = % < % < 2p(a,b).

Ifb;é 00, then a+1 < b. Since z € [m,f} and y € [b+17 b] we get lr—yl=2—y < %— b}rl <

% — 5 = 2p(a,b), Where the second inequality, which is equivalent to X = > b b—&l-l = %, follows
1 1 b+2

from o = p—7 and b T > e ]

The following Lemma allows us to abuse notation by identifying the two sets M(%, ox) and
{,u € M(E,ai) (X)) = 1}. Let k: ¥ — X be the inclusion map and k.: M(3,0x) — M(E,O’i)
the pushforward of k, i.e., for each Borel subset W C S and w e M(3,0y), define

B ()W) = (K7L (7)) = w(ANE). (314
Lemma 3.21. The map k. is a continuous bijection from M(3, o) to { € M(i, og) :p(X) =1}

Proof. Since k is continuous, k, is well-defined and continuous. If p1, ps € M(X, oy) are such that
ko (p1) = ku(p2), then by (3.14), 1y (WNE) = po(W NX) for every Borel subset W C £, so iy = pia,

therefore k. is injective.

Fix pu € M(f] o) such that 4(X) = 1. So u(C(c0)) = 0. Define v € P(X) by v(W) := u(W) for
each Borel subset W C ¥. By definition of v, since p(C (o0 )) =0and pu € M(i, 0g), for each Borel
subset W C ¥ we see that

v(o5 (W) = (o5} (W) C(00)) = (o5 (W) . C(00)) = (o5 (W) = u(W) = v(W),

hence v € M(X,05). For each Borel subset V' C 5, by (3.14), we have ki(v)(V) =v(VNY) =
p(VNE) = (V). So k.(v) = p. Therefore, k. is a bijection from M(X,0x) to {u € M(E,05)
©(X) = 1}, as required. O

The following lemma collects some basic properties of (i, dﬁ).
Lemma 3.22. The following statements are true:
(i) The map o: (i,dﬁ) — (i,dﬁ) 1s Lipschitz.
(ii) M(X,0yx) is a dense subset of/\/l(fl, 0g), and Merg (i o) “M(X,0x) is a dense subset of
/\/l(f], O'i).
(ill) If p € Merg (f], og), then either p(X) =1 or p(X) = 0.
(iv) M(i,ai) is equal to the convez hull of M(X,0x) U {u € M(i,ai) :u(X) = 0}.
Proof. Suppose A= (Gn)nen € S and B = @”)nGN es.
It is immediate from m that

S al,bl Plan,by)  p@1,b1) . dy(o(A),0(B)) _ ds(o(A),o(B))
dﬁ(A’B)_ Z f2n - 62 + s 02 >

\
S
[

SO dﬁ(a (@,0 B g 02dﬁ(A, B), and statement |(i)| follows.
This follows from [IV25, Theorem 1.1].

mClearly, SAcHE) = 0 HE)NC(00) = o HEINE. So pu(SL0THE)) = p(oHE)) () =
0. But p is ergodic, so statement [(ii)] follows (cf. [Wa82, Theorem 1.5 (ii)]).
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Assume that p € ./\/l(f], Ui). By the ergodic decomposition theorem (see e.g. [EW11l Theo-
rem 4.8|), writing M; = My, (i\], Ui) NM(X,0x) and Mg = Merg (i\], Ui) N M(X oy),

W= / _ mday(m) = [ mdo,(m)+ [ mday(m),
Merg(E,0) My Mo

for some probability measure o, on Merg(i,a). Define p = u(X), up = fﬂlm doy,(m), and
po = [ #1,Mday(m). Then by statement |(ii)} we conclude that

(a) when p=0,p=po € {p e M(i,ai) :u(X) =0},

(b) when p= 17 p=p € M(2702)7

(c) when p € (0,1), p = p1 + p2, with £+ € M(E,0x) and {2 € p € {pe M(i\l,ai) (X)) =
0}.

Statement now follows. O

Remark 3.23. The map o: (f), dﬁ) — (f], dﬁ) is not expansive: to see this note, for example, that

if A, =7 and B =10 for n € N, then d;(c*(4,),0%(B)) = 11 # = m for each k € N.

3.5. Bounded continued fractions. Recall the following notion from Diophantine approximation
(see e.g. [Sc80, Chapter 1]):

Definition 3.24 (Badly approximable number). An irrational number z is badly approximable

if there is a constant ¢ = c(z) > 0 such that |z — 2| > 5 for every rational number E.

q q

An irrational number x € I is badly approximable if and only if the partial quotients in its
continued fraction expansion are bounded (see e.g. [Sc80, Theorem 5F]).

Here we recall some properties for the set of bounded continued fractions. For a nonempty subset
A CN, let E4 denote the set of all irrational = € (0,1) such that the digits a;(x), aa(z), ... in the
continued fraction expansion = = [a;(x), a2(x),as(z),...] all belong to A.

If card A < 400, sets of the form F 4 are said to be of bounded type and in particular they are
Cantor sets. Of particular interest have been the sets Ey, := Eyy ). The restriction Glg, : En —
E,, is conjugate to the one-sided full shift on a finite alphabet {1, 2, ..., n}.

We recall the following notion (see e.g. [PUL(, Chapter 4]):

Definition 3.25 (Distance-expanding map). For (X, d) a compact metric space, T: X — X is
called a distance-expanding map if there exist constants A > 1 and n > 0 such that for all x, y € X
with d(x,y) < 2n,

d(T(x),T(y)) = Ad(z,y).

Definition 3.26. Suppose n € N. For ¢ € C(I), define the corresponding restricted ergodic
supremum Qn (G, 1)) by
Qn(G,¥) = Q(GlE,, ¥|r,) = sup{(n, ¥) : p € M(I, G), supp p € En .
The following lemma collects some basic properties of the sets E,,.
Lemma 3.27. Suppose m € N. If we write
P={G:0):aeN}y ={0,1,1/2, ..., 1/n, ...},
Mm = (m+2)72/2€(0,1), Ap=(1-nn)"2>1,

and denote the closed 1, -neighbourhood of E,, by

Fn, = B;" (Em) ={z €l :d(z,Ey,) <nm}, (3.15)
then the following hold:
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(i) d(Em, P) > 2n,.
(ii) G|F,, is Lipschitz, and in particular G|g,, is Lipschitz.
(ii) If z, y € Fp, with |z — y| < nm, then |G(z) — G(y)| = Aml|x — y|, so G|g,, is distance-
expanding.
(iv) G|g,, is an open map.

Proof. (i) By Proposition (iii),

min E,, = [m, 1] > [m, 1] = 1/(m+1) and max E,, = [1,m] < [1,m+1] = (m+1)/(m+2). (3.16)
But for each 1 < k < m, the map Gy, is strictly decreasing (see Proposition (iii)), so (3.16)
yields

Gr(Em) € (Gr((m+1)/(m +2)),Gr(1/(m +1))) € (1/(k+1),1/k),
and hence
d(P, G(Em)) > min{Gr((m +1)/(m +2)) = Gr(1), Gi(0) = Gx(1/(m + 1))}
= min |Gy (20)l/(m +2), [Gy(z2)]/(m + 1)}

for some z; € (m+1)/(m+2),1) and 22 € (0,1/(m+1)) by the intermediate value theorem. Since
|G1.(2)] = (k+2)72 > (m+1)72 for all z € I, we deduce that

d(P,Gi(Ep,)) > min{(m+1)">(m+2)"", (m+1)73} > 2y,

Now E,, = Uj-; Gr(Er) (an immediate consequence of the definition of E,), so (i) follows.

(ii) Assume that z, y € F,,. When |z —y| < nm, by (i), we get z, y € (1/(k+1),1/k) for some
1 <k <m. Then

G(z) —Gy)| = k+1/z —k—1/y| = 22|z —y| < (m+ 1)*|z — y],

for some z between z and y by the intermediate value theorem, where the last inequality follows
from z > 1/(m +1). When |z — y| = 1, we have |G(z) — G(y)| <1 < nim]a: —yl, so (ii) follows.

(iii) Assume that z, y € F,,, with |[x — y| < 9. By (i), we get x, y € (1/(k+1),1/k) for some
1 < k <m, and then

G(2) = Gy)| =k +1/z —k = 1/yl = w|z — y| > M|z —y|

for some w in between x and y by the intermediate value theorem, where the inequality follows from
the fact that w < 1 — .

(iv) Evidently G|g,, = (7|s,,) ooy, onls,,, so the result follows from the fact that 7|y, is a
homeomorphism and oy, is open. ]

4. MAXIMIZING MEASURES

Here we introduce the notion of limit-maximizing measure, which will be useful for a dynamical
system, such as GG, whose set of invariant measures is not weak* compact.

Notation 4.1. The pushforward 7,: M(X,0) = M(I \ Q,G|;q) of 7 is defined by
m () (V) = p(r=H(V)),

for all Borel subsets V' C I \ Q. Similarly, the pushforward 7, : ./\/l(f], J) — P(I) is defined by
R ()W) = u(7 (W)

for all Borel subsets W C I.

Remark 4.2. Since m = 7 o k, Lemma allows us to abuse notation by writing

Tx |M(Z,0’2) = Tx.
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Definition 4.3. Let T: X — X be a Borel measurable map on a compact metric space X. For a
Borel measurable function ¢: X — R, a probability measure p is called a (T, )-limit-mazimizing
measure, or simply a 1-limit-mazimizing measure, if it is a weak™ accumulation point of M(X,T)
and [¢dp = Q(T, ). We denote the set of (T,)-limit-maximizing measures by M (T, ).

Clearly, Mmax(T,v¢) C M} (T,¢). The following lemma collects some basic properties of 7
and 7.

Lemma 4.4. Ifn € N, then the following hold:
(i) #71(0) = C(c0), 7~Y(1) = C(1,00), and for each x = [a1,...,a,] € Ry,
7 Yz) =Clay,...,an,00) UC(al,...,an_1,an — 1,1,00).
(ii) Ifa = (a1,az,...,a,) € N, then the equality Gz o 7 o o™ = 7 holds on C(ay,...,an).
(iii) The map 7: (i,dﬁ) — (I,d) is Lipschitz.
(iv) mu: M(2,0) = Mine(I, G) is a homeomorphism.
) Tt M(i, o) — M(I,G) is a continuous surjection.
) Ifa=(a1,...,a,) €N, ¢ € C(I), A= (@)ien € C(a1, ..., an), and yn o (A)), then
Snad(yn) = S7(607)(4).
Proof. |(i)| 771(0) = C(cc) and 771(1) = C(1, 00) follow from (3.13)), while the equality

7 Yx) =Clay,. .., an,00) UC(aL,. .., an 1,0, —1,1,00)
follows from (3.13]) and Lemma
Fixﬁ = (ay,a9,...,a,) € N". Consider an arbitrary A= a1ay...apany1 - .. € Clay, as, ..., ap).
Write k == L(zzl\) IfA belongs to X, it follows immediately from the definitions of 7, G, and o that
ZD G’* an+17an+2,...]):[&1,62,...]:7?(@.

If on the other hand A € &~ Y, in the case that & = 1, then by Proposition (ii),
() =0=#(A).
while in the case that 2 < k < n, then by Proposition m (ii) and ( -,
@ [a1,a9,...,ak_1] =T @
In the case that k > n + 1, we obtain 7 7T ;D [@n,...,ax—1] and
(7(a™(A))) = [@1,a2, .., @n,- .-, dk_1] = 7(A).

Assume that B = ( zEN’ C= (Ci)ien € . Let k be the smallest integer such that /b\k # Cp.

If £k =1, since 7T(B) S (C’) € Iz, Lemma |3.20] together with the definition of dj (cf. (3.11))),
implies that

7(B) —7(C)| < 2p(b1,71) < 20%d5(B,C).
)

~

If & > 2, the definition of 7 guarantees that %(E) W(é € I for some a := ajds...ap_1 € N1,

Combining statement Proposition( ) Lemma 3 -, and the fact that 7'[‘( k=1 (B)) €

ng and %(U’H(é)) € I . we have

[7(B) = #(C)| = |Ga(7 ("' (B))) - Ga(7 (" 1(C)))]
)

_ 7@ NB) ~ RN ODI _ 20(bk @) _ 267dp(A, B)
= 0(2)920{71) = 0392(’?*1) = C(Q) ’
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so statement follows.

Since m: ¥ — I ~ Q is a homeomorphism (cf. [Mil7, Theorem 1.1]), the relation (3.12)
implies that o: ¥ — ¥ and G: I ~ Q — I ~ Q are topologically conjugate, so their spaces of
invariant probability measures are homeomorphic under .

Fix p e M(I,G). By Lemma there exists {fin tneny € Mire(I, G) such that p,, converges
to u in the weak* topology as n — +o00. Let us denote v, == 7, ' () for each n € N. By the weak*
compactness of M (f), Ji), there exists an accumulation point v of {v, }nen. Since 7, is continuous
(see statement |(iii)]), 7« (v) = p. Consequently 7, is surjective.

From the definition of S, 5 (see (3.10)), it suffices to note that G i(g)(yn) = 7(0'(A)) for
each 0 <7 < n —1, by statement .

Remark 4.5. (i) The continuous map 7—': I ~ Q — ¥ is not LipschitZ' for example if z,, ==
[3,7] and y,, == [2,1,7], then lim [z, — yn| = 0 but ds(7(zn), 7 (yn)) > 07%p(3,2) =
n——+o00
57
(ii) The pushforward 7, of the extension 7 is not injective: for example let p1 be the periodic
measure supported on the periodic orbit of 100200, let s be the periodic measure supported
on the periodic orbit of 1oo, and let ug be the periodic measure supported on the periodic

orbit of 200. Then by the definition of 7., we get Ty (1) = (200 + 61 + 01 /2), Tu(p2) =
5(00+61), and 7 () = §(00+01/2). Clearly, Tu(p1) = Tu (5 (p2+p3)) but p1 # §(ua+p3).
(iii) The dynamics of G and o are not intertwined by 7, in other words, T oo # G o 7: to see
this note, for example, that if A = ool then 7(c(A)) = [1], but G(7(A)) = 0.
Proposition 4.6. If ¢ € C(I), then
() Qog,007) = Q(G,¢) and
(i) Ts (Mmax (05,90 T)) = M} (G, 0) # 0.
Proof. From the definition of Q(O’i, ¢o %\), and the fact that M(X,0y) is dense in M(i\], O”Z‘:),
we see that
Q(og,¢0T) =sup{(,po7) : p € M(2,0%)} =sup{(u,¢pom) : p € M(%,05)}.
Since Min (I, G) is dense in M(I, G) (see Lemma [3.7)), we have
Q(G,¢) =sup{(v,¢ ) : v € Mine(I,G)}.
Combining the above two identities with Lemma , follows.
)| The first identity comes from the fact that 7, is a surjection from M(i,ai) to M(I,Q)
cf Lemma u., and M. (G, ¢) # 0 follows from the fact that M(I,G) is compact with
respect to the weak™ topology, and the assumption that ¢ € C(I). ]
Proposition 4.7. If ¢ € C(I), then
() Tim_Qu(G,0) = Q(C,6) and
(i) Q(G,¢) = Sup{lémigg 288 x e INQ}.

Proof. (i) The set of periodic measures is known to be dense in M(X, o) (see [IV21, Theorem 3.8]),
and evidently 7* gives a one-to-one correspondence between the set of periodic measures in M (3, o)
and the set of periodic measures in M, (I, G). Combining this with Lemma it follows that
the set of periodic measures is dense in M, (I, G), so for any € > 0 there is a periodic measure
p € Min(I,G) with [¢dp > Q(G,¢) — e. Since p is periodic, there exists m € N such that
p € M(Ep,G|g,,), and clearly Qn(G,¢) > [¢du > Q(G,¢) — e. But € > 0 was arbitrary, and
{Qm (G, @)} men is nondecreasing and bounded above by Q(G, ¢), so (i) follows.
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(ii) Now Q(O’i, ¢o ﬁ) = Q(G, ¢) by Proposition (i), the space (i,dﬁ) is compact, o : I
S s continuous, and 7: ¥ — I ~ Q is a homeomorphism (cf. [Mil7, Theorem 1.1]), so [Jel9,
Proposition 2.2]| gives

Q(G.9) = Q(og. ¢ 07) = sup{lim inf 1S (po7)(A): Ae X}
> sup{ligl_iknfnflsg(d)o T)(A): Aex} = Sup{ligl_si_nfnflsngé(x) cx eI\ Q.

For each m € N, the restriction G|g,, is a continuous map on the compact metric space E,,, so (i)
and [Jel9, Proposition 2.2| together give

Q(G,¢) < sup liminf Snd(@) < sup ]jminfM7

ermeN Em n——+oo n z€INQ n—-+oo n

and (ii) follows. O

5. STRUCTURE OF THE CLOSURE OF M(I, Q)

Definition 5.1 (Finite-continued-fraction measures and rational orbits). Fix n € N and
a=(ai,...,an) € N". Let us denote

po=po(a) =0 and

pr = pr(a) = [ap—g+1,-..,a,] foreach 1 <k < n. (5.1)
We define the corresponding rational orbit of length
la:=n+1 (5.2)
to be
Oa = {po(a), p1(a), p2(a), ..., pn(a)} = {0, p1, p2, ..., Dn}. (5.3)

Note that each rational orbit O, contains only rational numbers.
The corresponding finite-continued-fraction measure (abbreviated as FCF measure) pa (of length

la) is defined by
1 1
Ha = (Bpoa) +0paca) + o+ Opu@) = g (o 4 Gy 4+ 5p,). (54)

Note that p, is a probability measure, but is never G-invariant.
Define F to be the convex hull of {dp} U {pta : n € N, a € N*}. Define

Foy ={n e F:u({l}) =0} C F. (5.5)
Remark 5.2. Fix n € N and a € N”. When a € A", the rational orbit O, = O(p,(a)) is a G-orbit
that is eventually fixed, in the sense that G(po(a)) = po(a).

When a € B", the rational orbit O = O(p,(a)) U {1} is not a G-orbit, but is an orbit under the
map that is equal to 1 on Ry, and equal to G elsewhere.

Lemma 5.3. Fvery FCF measure is the limit of a sequence of periodic measures. Moreover,

F CM(I,G) = M (I, G). (5.6)
Proof. Fix n € N and a = (ay,...,a,) € N". For each m € N, define
T = @1, an,m) € Fix(G"H1). (5.7)

Evidently hr—? G *(ry,) = pi for each 0 < k < n, hence the sequence {HO(rm) ymen of periodic
m——+0o0
measures converges to the FCF measure gy, as required.
The sequence {po(r,,) }men is contained in M(I,G), so pa € M(I,G). But M(I,G) is convex,
and a € N" was arbitrary, so ¥ € M(I,G). By Lemma we get M(I,G) = Mi(I,G).
Therefore, we obtain ([5.6)). O
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The sets R,,, defined in Notation [3.3] have the following simple properties:
Lemma 5.4. |J,cy Ry = (0,1) NQ, and if m # n then R, N\ Ry, = 0.

Proof. By (33), Upen Bn € (0,1) N Q. By Lemma 3.2 (0,1) N Q € U,ey B and Ry N Ry = 0
when n # m. O

The following lemma collects some basic properties of measures in F.
Lemma 5.5. Suppose p € F,n €N, a= (a1,...,a,) € Ayp, and b= (by,...,b,) € B,.
(i) Then u({1}) <

(ii) [fu € Flo,1), then p(Ry) < n%rl
(iti) (la + 1)if(a) = lapta + 01.
(iv) The map gn: A, — Ry, is bijective.
(v) For everyy € I, we have pa({y}) = 1/la if y € O(gn(a)), and pa({y}) = 0 otherwise.
() sia({1}) = 0 and jral{0}) = pra(R1).
(vii) For allz € (0,1) N Q, pa({z}) = pa(G~(x)).
(viil) pn({1}) = 1/lp and pp({0}) > Mb(Rl)
(i) For all z € (0.1)NQ, pp({z}) > (G ().

Proof. (i) follows immediately from the fact that up({1}) < 3 for all b € N* (see (5.4)), the fact
that do({1}) = 0, and the definition of F (cf. Definition [5.1)).

(ii) This follows from the fact that up({Rn}) < ﬁ for each b € A (see and ), the fact
that do({R,}) = 0, and the definition of Fio, 1) (see (5 )

(iii) Since [ap—f+1y-- -, n) = [Gn—k+1, - - -1 1] for each 1 < k < n, using and (5.1) we
get (la + 1),“f(a) = 50 + 51 + 22:1 5pk = laﬂa + 51

(iv) By the definition of A,, (see (3.4)) and the definition of g,, (see (3.5)), we have G"1(g,(a)) =
é € R;. By Lemma@ gn 1s injective. By the definition of R,, (see ), gn maps A, surjectively
to R,,.

(v) For a = (a1,a9,...,a,) € Ay, denote z := [a1,a2,...,a,] = gn(a). The definition of the
rational orbit On (cf. (5.3))) gives that Oy = O(z), and then (v) follows from the definition of 1ia
(cf. (5.4)).

(vi) We have p5({1}) = 0 since the support of i is O contained in [0, 1)NQ (cf. (5.3)). The point
0 is an atom of s, with pa({0}) = 1/la, and precisely one element of R, namely the point 1/a,,
is an atom of pa, also with weight ua({1/an}) = 1/la, so in particular pa({R1}) = 1/la = ua({0}).

(vii) Note that the support of pa is an eventually fixed G-orbit, so if x is not an atom of pa
then nor is any element of G™'(z), so p({z}) = 0 = pu(G'(z)). If z is an atom of y, then
r = pgp(a) for some 0 < k < n: if k = n then G~!(z) does not contain any atoms of jia, S0
pa({z}) = 1/la > 0 = pa(G~(x)), while if k& < n then G~!(z) contains precisely one atom of ja,
namely pi41(a), so pa({z}) = 1/la = pa(G~'(2)), therefore in both cases we see that (vii) holds.

(viii) We have pin({1}) = 1/, since the support of up, is Oy, containing 1 (cf. (5.3)). When n =1,
po = 1/2(80 + 01) and pp({0}) > 0 = pp(R1). When n > 2, note that Op = Op-1() U {1} and
f~Y(b) € A", so by (iii) and (vi) we get up({0}) > pp(R1).

(ix) Note that the support of uy, is the union of an eventually fixed G-orbit and 1 (see Remark,
so by the fact that G=1(1) = @, if = is not an atom of yy, then nor is any element of G~!(z), so
po({z}) =0 = pp (G Hx)). If z € (0,1) is an atom of pup, then z = pi(b) for some 2 < k < n: if
k =n then G~!(z) does not contain any atoms of up, so pp({z}) =1/l > 0 = pa(G~'(2)), while
if k < n then G~!(z) contains precisely one atom of uy, namely pgi1(b), so up({z}) = 1/l =
(G~ (z)), therefore in both cases we see that (ix) holds. O
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Lemma 5.6. Ifv € Fjo) and r € [0,1] satisfy (1 —r)v({0}) =7, then (1 —r)v +rd; € F.

Proof. Since v € Fg 1), we can write

v =100 + Z a)lla, (5.8)
acA
where ro > 0, and r(a) > 0 for each a € A, and
ro + Z r(a) =1. (5.9)
acA

Combining (5.8), (5.2), and (5.4]), we see that
v({0}) = o+ ) r(a)pa({0}) —T0+Z

acA acA
and combining this with the assumption that (1 — r)v({0}) > r gives

T0+Zr(a)/1_

acA @

Let us denote \ := (=) r)u({o}) € [0,1]. Then by -, and ,
AN1=rv+rdh = ({0} (T050 + Z ) O}) <’I“0 + g

= T0(50+51 + a,ua"i‘(sl) .
({0}) ( Z )
This, together with lapa + 01 = (la + 1) f(a) (see Lemma . iii)), gives us
I-=rv4+ror=01-N1—-rrv+AX1—-r)v+rd

B r r(a)
— (1= N1 -+ m(rg(ég +61) +az€;4 ]

a

(5.10)

)

(la + 1)Mf(a)>-

a

Then since F is convex, and each of the measures v, %, and py(a) belongs to F, we conclude

that (1 —r)v +rd; € F, as required. O

Proposition 5.7. Suppose p € P(I) with u(I N Q) = 1. Then p € Fjo 1y if and only if p satisfies
the following conditions:

() p({1}) = 0 and p({0}) > p(R1).

(i) p({z}) = pn(G(z)) for allz € (0,1) N Q.
Proof. First we assume that p € Fjo 1), and will show that y satisfies conditions (i) and (ii). Note
that these properties are closed under convex combination. From the definition of Fg 1) (see (5.5)),
and the fact that 0 satisfies conditions (i) and (ii), to prove that u satisfies conditions (i) and 1i it
suffices to note that i, satisfies conditions (i) and (ii) for all a € A, by (vi) and (vii) of Lemmal5.5]

Now we assume that p satisfies conditions (i) and (ii), and will show that this implies that

p € Fo,1)- Define a function ¢,,: [0,1) NQ — [0,1] by

$u(0) = p({0}) — u(Ra), (5.11)
ou(x) = (m+1)(u({z}) — u(G H(z))) for x € Ry, m €N, (5.12)
noting that conditions (i) and (ii) ensure that ¢, is everywhere nonnegative. Define measures
+oo
Vo = ¢,,(0)do, Up = Z Gu(T) g1 (25 vi= Z Up. (5.13)

zeR, n=0



ERGODIC OPTIMIZATION FOR GAUSS’S CONTINUED FRACTION MAP 19

We note that by the constructions in , v is a sum of positive measures. Thus, v is a
nonnegative combination of the base elements dy and UneN{,ugq(x) tx € Ry} of Figy, since
g 1(z) € A(as gn: A, — Ry, is a bijection (cf. Lemma (iv)), z € R, guarantees g~ !(x) € A, C
A, and thus Hg—1(z) € .7:[071)).

We claim that ¢ = v, so in particular v is a probability measure. From the above it will therefore
follow that v € Fg 1), by the convexity of Fig 1), and hence the required result that p € Fg ).

To verify that u = v it suffices to show that

p{y}) =v({y}) forally e INQ.

For all # € (0,1) N Q, from the fact that g~'(z) € A, the definition of A (see (3.4)), and the
definition of FCF measures (see (5.4)), we obtain that pg-1(,)({1}) = 0, and hence that

v({1}) = 0 = u({1}). (5.14)

Now suppose y € (0,1)NQ; by Lemma there exists n € N such that y € R,,. By Lemma (v),
for each m € N and x € R,,, we have

(m 4 Dty () = {1 ify € Ola),

0 otherwise.

Combining this with gives
T g i T
(g ({0}) = { n({z}) = (G @) ify € Oa), (5.15)

otherwise.

Fix m € N. When m < n, we have y ¢ O(z) for all x € R,,, and combining this with (5.13)) and
(5.15) gives

m({y}) = D dul@)ig-1)(y) =0. (5.16)

TER,

When m n, for each x € Ry, we have y € O(x) if and only if G™ " (z) = y, and combining this

with and gives
vm({y}) = Y bu@ g1 = > p({z}) —p(G )

TERm z€G—(m=n) (y) (5.17)
= u(G™(y)) — p(GTT D (y)).
by €19, E10), and €10,
—+oco

+oo
v({y}) =D vm{y}) = DY (G () — p(GTT(y)))

e
=> (G (W) — n(G U (y)).
=0

By condition (ii), u € P(I), and the fact that G=7(y) N G~*(y) = 0 if 0 < j < k, the series on the
right-hand side of the above has nonnegative entries and is convergent. Thus by telescoping, we get

v({y}) = n({y})- (5.18)
Combining (5.13)) and (5.15)), for each m € N, we get
vm({0}) = D Gu(@)pg10({0}) = > p{z}) = (G () = p(Rin) = p(Bm1).

TERm zERM,
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Combining this with (5.13)), (5.11)), and a similar argument as above on the convergence of the series
gives
+oo

v({0}) = Z vn({0}) = p({0}) — p(Ba) + Z (Rnt1)) = p({0}). (5.19)

Then by (5.14] -, and 5.19)), we conclude that u = v € Fjg 1), as required. g

Combining Lemma [5.6] and Proposition [5.7] together gives the following corollary, which is im-
portant in the proof of Theorem [I.1]

Corollary 5.8. Suppose p € P(I) with p(I N Q) = 1. Then p € F if and only if p satisfies the
following conditions:

() p({0}) = u({1}) and p({0}) = p(Ry),

(i) p({z}) = ( (:c)) forall z € (0,1) N Q.
Proof. First assume that p € F. Using the fact that conditions (i) and (ii) are closed under convex
combination, the definition of F (see Definition [5.1]), and the fact that dy satisfies conditions (i)
and (ii), it suffices to show that s, satisfies conditions (i) and (ii) for all a € N*. When a € A,

it follows from Lemma (vi) and (vii) that u, satisfies conditions (i) and (ii). When a € B, it
follows from Lemma [5.5| (viii) and (ix) that pa satisfies conditions (i) and (ii).

To prove the converse, let us assume that p satisfies conditions (i) and (ii). Denoting r :=
w({1}) € 10,1/2] by condition (i), define

vi=(u—ré)/(1—r), (5.20)
and note that gives v({1}) =0 < v({0}) and v({0}) = u({0})/(1 —7r) > p({R1})/(1 — 1) =

v(Ry), which is condition (i) of Proposition and condition (ii) gives, for all z € (0,1) N Q,

v({z}) = p({z}) /(L =) = p(G(2)) /(1 = 1) = (G (1)),
which is condition (ii) of Proposition E From Proposition it follows that v € Fg 1.
Now (5.20) can be written as (1 — r)v = u — rd1, so by condition (i),

(1 =r)r({0}) = p({0}) = p({1}) = 1. (5.21)
But (5.21)) means, by Lemma that 4 = (1 —r)v +rd; € F, as required. O

Finally, we are able to prove the following main theorem.

Theorem 1.1. The closure M(I,G) is equal to the convex hull of the union of Miy(I,G) and the
set of finite-continued-fraction measures.

Proof. By Lemma (iv), /\/l(f]7 O') is the convex hull of
M(Z,0)U{v e M(E,05) : v(Z) = 0}.
But mm.: M(X,0) = Min(I,G) is a homeomorphism, according to Lemma and the push-

forward 7, : M (f), o) — P(I) (cf. Notation is affine, so by Lemma {4.4], it suffices to show that
%*(M)E]:forallue{VEM(A ¢) s v(%) =0}.

Fix p € {1/ € M(i,ai) (X)) = 0} We want to apply Corollaro ().

Fix © = [a1,a2,...,a,) with ay, ..., a, € N, a, > 2. By Lemma [4.4]|(i), we obtain

710) =C(o0), 7 (1) =C(1,00),
7 Yz) =Clay,...,an,00)UC(ay,...,a, —1,1,00).
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Thus,

2 (0)({0) = w(F0) = (o)), R()({1}) = (F(1)) = pC(1,00)
T () ({z}) = p(7 H(2)) = p(Clan, . .., an,00)) + u(C(a, ..., a, — 1,1,00)).

As a consequence, 7. (1)(R1) = .25 u(C(n,00)) + 3.2 u(C(n, 1,00)). Hence, from the fact that
1€ M(Z,05) and u(X) =0, we get

(W NQ =pENT) =1,
(1) ({0}) = p(C(00)) = u(C(1,00)) = Ful(m)({1}),

+oo
(1) ({0}) = p(C(00)) = Y u(C(n,0))

(W) ({2}) = p(Clars - . an, 00)) + Clar, - an — 1,1, 00))

+00 too
> Z u(C(m,ay,...,an,00))+ Z uw(C(m,ar,. .. an, —1,1,00)) = Tu(p) (G~ (z)).
m=1 m=1

The last identity above follows from ({3.1])). Therefore, applying Corollary to . (u), we conclude
T« (1) € F, as required. O

6. THE MANE LEMMA

In this section we will prove a version of the Mané lemma for the Gauss map G, and then
use this to derive a revelation theorem. The approach, by analogy with [Bou00], will involve a
certain nonlinear operator which can be shown (cf. Proposition to have a fixed point function
(a so-called calibrated sub-action, in the terminology of [GLT09|) with certain regularity properties.

For a Borel measurable map T': I — I, and bounded Borel measurable function ¢: I — R, to
study the (7', 1)-maximizing measures it is convenient, whenever possible, to consider a cohomolo-

gous function 1 satisfying ¢ < Q(T, ). We recall the following (cf. [Jel9, p. 2601]):

Definition 6.1. Suppose T: I — I is Borel measurable, and ¢ € C(I). If ¢ < Q(T,v) and
Y~ H(Q(T, 1)) contains supp i for some pu € M(I,T), then 1 is said to be revealed. If Q(T, ) =0
then 1 is said to be mormalised; in particular, a normalised function % is revealed if and only if
¥ < 0 and ¥~1(0) contains supp  for some p € M(I,T).

Lemma 6.2. Suppose T': I — I is Borel measurable, ¢p: I — R is bounded and Borel measurable,
and Mmax (T, ¢) # 0. Denote ¢ = ¢ — Q(T, ¢), and suppose ¢ == ¢ +u —uoT for some bounded
Borel measurable function u: I — R. Then:

() Q(T,¢) =Q(T,¢) =0.
(11) Mmax(T7 qb) = Mmax (T> 5) = Mmax (T, ;l;) .

Proof. (i) and (ii) follow from , , and the fact that [¢du = [(¢+u—uoT)du= [$du
for all p e M(I,T). O

6.1. Bousch operator. The following operator £, is an analogue of the one used by Bousch in
[Bou00]. Instead of preimages used by Bousch, we use inverse branches in the definition to address
the irregular behavior of the Gauss map at 0 and 1.
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Definition 6.3. Let ¢): I — R be bounded and Borel measurable. Define £,: B(I) — B(I) by
Ly(u)(z) = sup{(u + ¥)(Ga(x)) : a € N} =sup{u(1/(a+z)) + ¥(1/(a + z)) : a € N}.

Since 1 and u are bounded, Ly(u) is well-defined. If ¢ and u are continuous, by Proposi-
tion [3.13] (v) we have

Ly (u)(z) = max{(u+¢)(Ga(x)) : d € N}. (6.1)
Lemma 6.4. If¢p € C(I) and ¢ == — Q(G, 1), then the following hold:
(i) Ifz el andue C(I), then Ly(u+c) = c+ Ly(u).
(ii) Ifr eI, neN, andu e C(I), then
L3 (u)(z) + nQ(G,¢) = Lij(u)(x) = sup{u(Ga(x)) + Snato(z) : a € N},
(iii) Ifx € I, n €N, and u € C(I), then
L7 (u)(z) = max{u(Ga(z)) + S, ath(x) : a € N"}.
(iv) Ly(sup,eq v) = sup,ey Ly(v) for any collection H of bounded real-valued functions on I.

(v) If {un}nen is a pointwise convergent sequence of equicontinuous functions on I, then the
identity lim Ly (up) = Ly( lim uy) holds, where the limits are pointwise.
n—-+00 n——+00

Proof. By Definition for any x € I and u € C(I),
Ly(u+ c)(x) = sup{(Ga(z)) + u(Ga(x)) + c:a € N} = Ly(u)(z) +c.

The first identity immediately follows from the second identity. We use induction to prove
the second identity: the case n = 1 follows from Definition [6.3] and assuming it is satisfied for some
n=m € N, then

L () (z) = sup{y(Ga()) + L] (u)(Ga(w)) : a € N}
= Sup{?/)(Ga(fL’)) + sup{u(y) + Sm,aqp(Ga(x)) Y= Ga(Ga(x))a ac Nm} fac N}
= sup{w(Gp()) + Sm+1,6%(Gp(z)) : b € N},

By Propositionm (iv), and the fact that u, ¢» € C(I), if x € I thena — u(Gz(z))+S, av(z)
can be seen as a continuous function on N”; SO follows from and the fact that N" is dense
in N™.

follows readily from the definition.

Let v be the pointwise limit of {u, },en as n tends to infinity. Fix arbitrary « € I and € > 0.
Since {up, fnen is equicontinuous, there exists § € (0,1) such that for each y € [0,0) and each n € N,

|un(y) - Un(o)’ < 6/3’ (6'2>
Letting n tend to infinity, we have
lv(y) —v(0)| < €/3. (6.3)
We can find N7 € N such that if n > Ny then |u,(0) — v(0)| < ¢/3. When n > Ny, for each
y € {Ga(7)}aen N[0, 9), by (6.2)) and (6.3), we obtain
1 (9) — 0(0)] < () — 0 0)] + 0 (0) — v(O)] + o(0) —v)| <3+ (e/3) <. (64
Since {Gq(x) : a € N} N [0,1] is finite, we can find Ny € N such that for each n > N and each
y € {G4(x) : a € N} N [4,1], we obtain

un(y) —v(y)] <e (6.5)
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Let N := max{Nj, Na}. For each integer n > N, by (6.4)) and (6.5), we have |u,(y) — v(y)| < € for
each y € {Gy(z) : a € N}. Fix an arbitrary integer n > N. We choose 21,29 € {G4(z) : a € N}
satisfying Ly (un)(x) < 9(21) +un(z1) +€ and Lyy(v)(x) < 1h(22) 4+ v(22) +¢. Then by Definition [6.3]
Ly(un)(x) = Ly(v)(x) <(21) +un(21) + € = P(21) —v(21) = un(21) —v(21) + € < 2,
Lo(tm)(@) — £y(0)(2) > P(22) + n(22) — $(22) — v(22) — € = tn(22) — v(22) — € > —2e.
Statement now follows. 0

Lemma 6.5. Suppose o € (0,1] and ¢ € C%*(I). Then for each u € C**(I) and each n € N, we
have L3 (u) € C%(I) and

L3(u)], < Kal|@la + [ula). (6.6)

Proof. Suppose u € C%*(I) and x, y € I. Fix € > 0. By Lemma (ii), there exists a € N” such
that

L(u)(z) < u(Ga(x)) + Spad(z) + €. (6.7)
By Lemma (ii), we have
L3 (u)(y) 2 w(Ga(y) + Snad(y)- (6.8)
Combining and gives
LE(u) (@) = LE(u)(y) < Snad(z) + u(Ga(r)) — Snad(y) — u(Galy)) + e (6.9)
Lemma and gives
Snad(x) = Snad(y) < Kalolalz —y[*. (6.10)

From the fact that v € C%%(I), the intermediate value theorem, and Proposition (i), there
exists £ in between z and y such that

u(Ga(@)) — u(Ga(y)) < |ulalGa(e) = Ga)|* = ulalz — y|*|GLE)|* < g ** 072" ulala — y|*.
But ¢, 202" < K, (see ), S0

u(Ga(z)) — u(Ga(y)) < Kalulalz —y|* (6.11)
Combining (6.9)), (6.10), and (6.11) gives
Lg(u)(x) — Lg(u)(y) < Kal|dla + ula)lz —y|* +e. (6.12)
Since ((6.12)) is satisfied for all z, y € I, by swapping the positions of z and y, we obtain
L (u)(z) — L§(u)(y) 2 —Ka([@la + |ula)lz —y|* —e (6.13)
Finally, Eg(u) € C%(I) and follows from 1} 1) and the fact that € > 0 was arbitrary.
O

We are now able to find a fixed point ug of the normalised Bousch operator Eg:

Proposition 6.6. Suppose o € (0,1] and ¢ € CO*(I). Then the function us: I — R given by
ug(x) == limsup /J%(O)(x), forzel, (6.14)

n—+oo
where ¢ == ¢ — Q(G, qb), satisfies the following properties:
(i) |up(z)| < Kaol@|a for each x € 1,
(i) up € COY*(I) with [ugla < Kaldla,
(iii) L'g(u¢) = Ugp.
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Proof. For each n € N and each x € I, we write

ro(x) = [,%(O)(:U) and sn(z) = sup{rm(z) : m = n}. (6.15)
Note that, for each x € I, the sequence {s,(z)}nen is nonincreasing and by (6.14)) and (6.15)),

ug(x) = ngrfoo sp(z) = lim sup ry, ().

n——+0o
(i) Fix € I and n € N. For each a = (a1, ...,a,) € N", denote pa := [a1, .-, &,] which satisfies
Ga(pa) = G™(pa) = pa. By Proposition |3.13| (vi), 43.10[), and the fact that Q(G, qb) =0, we get
Sa6(ra) = $,8(0a) = 1 [ Bhogey <0 (6.16)
Combining this with Lemma [3.15] gives

So by (6.15]), Lemma [6.4] (ii), and (6.17)), we have
Tn(x) = ﬁ%(O)(ﬂf) = Sup{Sn,aa(x) rac Nn} < Ka|¢|a-
Combining this with (6.15)) and (6.14) gives

ug(x) = limsupry(z) < Kol|d|a-

n——+o0o

Next, we will show that ug(z) > —Ku|dla. Fix n € N. We choose a point A, = (a;)ien € S on
which S7(¢ o 7) attains its maximum value. Denote y,, := 7(¢"(4,)) and a == (a1, as, . ..,a,). By
Lemma [4.4{|(vi)l we get

Sn,ﬁa(yn) = Sg (5 © ;T\) (An) B (6'18)

Choose u € Mmax(ai,ao %\) By Proposition (i), we have Q(ag@ o %) = Q(T,¢) = 0, and
then we have fng ($ o %) dp = 0. So for all z € I, combining , Lemma and 1D gives

() = Tn(Yn) — Kal|dla = Sn,ﬁa(yn) — Kao|pla = 55(50 %) (An) — Ka|ola
> /Asz (607) du — Kaldla = —Kaldlo.
»

Combining this with (6.15) and (6.14)) gives uy(z) > —Kq|¢|o for all € I, so (i) follows.
(ii) Suppose =,y € I and fix € > 0. By (6.15) and (6.14)), there exists N € N such that
Iry(z) — ug(z)| < € and sy (y) — uy(y) < e. So by (6.15) and Lemma [6.5,
ug(x) = up(y) <rn(x) —sn(y) + 2 < () —rn(y) + 26 < Koglalz —y|* +2¢, (619
where the final inequality uses (6.6). Similarly, there exists M € N such that |[ra(y) — ug(y)| < €
and sy() — ug(x) < €, and an analogous calculation gives
up(@) — ug(y) > —Kaldlalz — yI® - 2. (6.20)

Since € > 0 was arbitrary, (ii) follows from (6.19) and (6.20)).

(iii) First we prove that {s, }nen is equicontinuous. Fix arbitrary e > 0 and m € N. By and
(6.15), {7y }nen is equicontinuous. Hence there exists 6 > 0 such that if |z — y| < 4, we have

|Tn(m) - Tn(y” < 6/2

for all n € N. Then fix arbitrary z, y € I satisfying |z — y| < 0.
Since sy, () = sSUPgs,, {rk(2)}, we can find Ny > m such that s,,(x) < rn, () + 5. Then we have

€ € €
S < SHs =

$m(@) = sm(y) < v (@) + 5 = smy) < v (@) + 5 =+ 3
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Similarly, we can find No > m such that s,,(y) < rn,(y) + 5. Then we have

sml(@) = 5m(y) > sm(@) — Try(y) — = > P (2) — vy (y) —

€
2 2

Therefore, {s,}nen is equicontinuous.

If z € I, then by Lemma [6.4] (iv), (v), and (6.15)),
Lg(ug)(x) = L4( limOo sn)(ac) = ETOO Eg(sup{ﬁm(O)(x) :m>=n})

¢ n—-+
nll)ril (Sup{ﬁ 0)(z) :m >n}) = nll)rfoo Spt1(x) = ug(x). O

Definition 6.7. Suppose ¢ € C%*(I), and uy is the calibrated sub-action defined by (6.14). We
define the revealed version ¢ by

g::$+u¢—u¢oG.

We are now able to prove Theorem [I.2] a Mané lemma for the Gauss map, which resembles the
form of [Bou00, Lemma A].

Theorem 1.2 (Mané Lemma). Suppose a € (0,1] and ¢ € C¥*(I). There exists uy € CO(I)
satisfying the functional equation

ug(x) = sup{$< ! > + u¢<n i m)} for allz €1, (1.5)

where ¢ = ¢ — Q(G, ¢).
Proof. This follows immediately from Definition and Proposition O

6.2. Maximizing set. Now, by analogy with the set Z’ of [Bou00, p. 495|, and the admissible
words defined in [BM02, Definition 2.3], we wish to relate each ¢ € C%*(I) to a mazimizing set
K@) C 5.

Definition 6.8. Given a € (0,1], ¢ € C%%(I), and uy the calibrated sub-action defined by (6.14)),
define

b= o, (621)
=% - Q(G,9) =doT (6.22)
Up =ugom, and (6.23)
V:=>0-Q(G,¢)+Up —Uspoo, (6.24)
and define the mazimizing set for ¢ by K(¢) = og "(w(0)).
Lemma 6.9. If ¢ € C%“(I) with o € (0,1], then the following hold:
(i) @, Us, ¥ € CO(3,d5).
(ii) Us satisfies the functional equation
Usp(A) = max{®(B) + Us(B) : B € o' (A)}, forall A€ T, (6.25)

and consequently ¥ < 0.
(iii) K(¢) is a nonempty compact closed subset of S, with a(K(¢)) C K(9).
(iv) Mmax(Ug,(I)) = Mmax(ai, \If) = {u € M(i,ai) :supp pu C IC(gZ))} # 0.
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Proof. follows immediately from the fact that ¢, ug € C%(I), and since 7, o are Lipschitz (see
Lemmas and (i)
Fix A € 3. By definition of ® and Uy (see (6.21)) and (6.23)), Proposition (iii), (6.1), and

Lemma we obtain

Us(A) = ug(F(A)) = max{¢(Gs(7(A))) + ug(G5(7(A))) : @ € N}
= max{¢(G5(7(c(@A)))) + ug(Ga(R(0(@A)))) : @ € N}
— max{¢

7(@A)) + uy(7(@A)) : @ € N}
B) + Us(B): B € o5 (A)}.

,\/—\

= max{q)

By definition of IC(¢), it is immediate from the continuity of o and ¥ that IC(¢) is compact.
By definition of K(¢), it is also clear that o(KC(¢)) C K(¢). The fact that K(¢) is nonempty will
follow directly from and the fact that Mupax (O’i, <I>) is nonempty.

The first identity follows from (6.24)), (6.21]), and Proposition (i). To establish the
second identity, we first note that by the first identity, ll and [(ii), every p € M(Z,ai) with
suppp C K(¢) € ¥=1(0) is in ./\/lmax(ai, ¥). Conversely, by and Proposition (i), every
w e Mmax( o5, \Il) satisfies fE\II dy = 0. By , supp p is a subset of the compact set W—1(0). It
now follows from the az—mvarlance of pu that supp pu C ;250" (¥71(0)) = K(¢). The inequality

follows from the fact that M (E, 02) is compact with respect to the weak* topology. O

7. TYPICAL FINITE OPTIMIZATION
It will be convenient to classify the potential functions ¢ € C%%(I) as follows:

Definition 7.1 (Classification of potentials). For a € (0, 1], a function ¢ € C%%(I) is said to
be

(i) essentially compactﬂ if Q(G, ¢) = Qum(G, @) (cf.Definition [3.26)) for some m € N. Let ¢%(Q)
denote the set of a-Holder essentially compact functions;

(ii) rationally mazimized if there exists n € N and a € N™ such that [;¢dua = Q(G,¢) or
?(0) = Q(G, ¢). Let R¥(G) denote the set of a-Holder rationally maximized functions;

(iii) let 3%(I) denote the set of a-Holder functions satisfying neither (i) nor (ii) above.

In this section we will firstly establish the typical finite optimization for rationally maximized
potentials (see Theorem, and secondly prove that the set %(G) of essentially compact functions
is contained in the closure of Lock®(G) (see Theorem [1.3)),

In the proof of Theorem we show that for an arbitrary ¢ € €%(G), any perturbation of the
form ¢ = ¢ — ed(-,0)*, with e > 0 sufficiently small, belongs to Z%*(G), where O is a particular
periodic orbit. The perturbation argument in our proof of Theorem 1.3 is mainly inspired by ideas
appearing in [Col6], [Boc19|, [HLMXZ25]|, and [LZ25].

Contreras [Col6| established the TPO conjecture for expanding maps using a proof by contra-
diction. Huang, Lian, Ma, Xu, and Zhang [HLMXZ25| proved the TPO conjecture in a wider
uniformly hyperbolic setting, notably for Axiom A diffeomorphisms; their argument provides a
direct proof based on a closing lemma. Bochi [Bocl9] gave a simplified version of the argument
in [HLMXZ25], valid for expanding maps. Li and Zhang [LZ25] proved an analogous result for a
class of postcritically-finite maps (namely, expanding Thurston maps) arising in complex dynamics,
where local closing lemmas are established and a local perturbation argument utilized, in order to
avoid finitely many “bad points”.

5The terminology follows [IMUQ6, [IMU07)
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Compared with the ideas and techniques in the aforementioned works, our approach is to apply
the closing lemma from [HLMXZ25| in a neighbourhood of a maximizing measure supported on
E,, for some m € N, and then to carry out a local analysis following the perspective discussed in
[Boc19] near E,,. The main difficulties in our setting arise from the fact that G has countably many
inverse branches, is discontinuous, and is not expanding at 1.

The technical ingredients of the proof consist of (1) quantitatively avoiding the discontinuities of
G, using the fact that G is Lipschitz and distance-expanding in a small neighbourhood of F,, for
each m € N (cf. Lemma and (2) handling the perturbation argument with constants that are
necessarily local (such as 7, Am, L1, Lo, and L3 in the proof of Theorem [1.3]).

The proof of Theorem is inspired by the proof of the periodic locking property (cf. [BZ15]
and [YH99, Remark 4.5]). We first prove a technical lemma (Lemma [7.4)). The technical part in
the proof of Lemma is the construction of a transport sequencd’|in a given rational orbit. Since
there exists more than one FCF measure in a given rational orbit, the perturbation in the proof of
Theorem [T.4] is also more sophisticated than the one for the periodic locking property.

7.1. TFO for rationally maximized potentials. In this subsection we will establish the following
theorem.

Theorem 1.4 (TFO for rationally maximized potentials). For a € (0,1], the set Lockp®(G)
contains an open dense subset of R*(G) (in the a-Hdélder topology).
Notation 7.2. Recall that (J,cn Rn = (0,1) N Q (see Lemma [5.4). For each x € I \ Q, define
O(z) as follows:
{0} ifx=0,
O(z) =< {0, 1} ifex=1,
{x, G(z), ..., G" (), 0, 1} if x € R, for some n € N.
Define
Moy = {50} and M= {50, (50 + 51)/2}
Suppose n € N and z = [a1,a9,...,a,] € R, with a = (ay,...,a,) € A, and b = g(a) =
(aty... ap—1,an —1,1) € By41. Define
Mz = {fta, lg(a) - - -+ Hon—1(a)s Bbs Ho(b) -« -5 Hon(b)s 00} (7.1)
Denote Re(z) = Ga(e) = [a1,...,an + €] and L¢(x) == Gp(€) = [a1,...,an, — 1,1+ €.
Let conv(My) denote the convex hull of M,.
The following two technical lemmas will be used in the proof of Theorem
Lemma 7.3. Suppose € € (0,1), n € N, and x = [aq,...,a,] € R, with a= (a1,...,a,) € Ay.
(i) When n is odd, Re(z) < x < Le(x). When n is even, Le(z) < © < R(x).
(ii) Suppose n is odd. If y € (Re(x),x| then |G’(y) — G )| < e forall0 <i < n If
y € (z,Le(z)) then |G(y) — Gi(z)| <€ for all 0 < i <n—1, and moreover |G"(y) — 1| < €
and |G" M (y)| <e.
(iii) Suppose n is even. If y € [z,Re(x)) then |G'(y) — G'(z)| < € for all 0 < i < n. If
y € (Le(x),x) then ‘Gz(y) - GZ(:U)} < e forall0 <i<n—1, and moreover |G™"(y) — 1| < €
and |G" M (y)| <e.
(iv) If 6 € (0,1) then |Re(z) — x| < |Re(G'(x)) — G'(w)| < € and |Le(z) — 2| < |Le(Gi(w)) —
Gi(z)| <e/(1+e) <eforall0<i<n-—1.

6This terminology follows [BZIB]
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Proof. We will write b := g(a) = [a1,...,an—1,a, — 1, 1] throughout this proof.

(i) Note that R.(z) = Ga(e), L(z) = Gp(e), and 2 = Ga(0) = Gp(0). When n is odd, by
Proposition (iii) G4 is strictly decreasing and Gy, is strictly increasing. So Re(z) = Ga(e) <
Ga(0) =2 = Gp(0) < Gp(€) = Le(x). Similarly, when n is even, Gy is strictly increasing and Gy, is
strictly decreasing. Then L.(z) = Gp(€) < Gb(0) = z = Ga(0) < Gale) = Re(x).

(ii) If y € (Re(x), z], and denoting z := G™(y) € [0,¢€), we have that y = [a1,...,a, + 2], so for
all0 <7< n,

|G (y) = G'(2)] = |Gai(a)(2) = Goi(a) (0)] < ¢,

since |G, (a)‘ < 1, so the first part of (ii) follows.

G"(y) € (0,¢), we see that y =
-1

Now assuming that y € (x,L¢(x)), and denoting w :=
[a1,...,an—1,an — 1,1+ w], so we have that, for all 0 < i< n

|G (y) — G*(2)| = |Gyi(py(w) — Goipy(0)] < ¢,

)

since ‘G:ﬂ-(b)‘ < 1. Moreover, |G"(y) — 1| = 1, < w < ¢, so the second part of (ii) follows.
(iii) The proof is very similar to the one for (ii).

(iv) For each a € N and z, y € I, clearly |Go(z) — Ga(y)| = |75 — m‘ = (aJizigLy |z — yl.

So }R(g (G"Hz)) - G"_l(z:)} = |Gy, (0) — Gq,(0)] < 5, and for each 0 <7 < n — 1 we obtain

|Rs (G'(2)) =G ()| = |G yi(a)(6)=Goi(a) (0)] = |G yi-1(a)(0)=Gi-1(a)(0)| = |Rs (G (2)) -G ()],
and so the first part of (iv) follows.

Similarly, we obtain |L;(G"(z)) — G" ! (2)| = |Gap-1(1/(1 +8)) — Ga,—1(1)| < /(14 0) <6
and so for each 1 <7 < n —1 we have

|Ls (G'(2)) =G (2)| = |Goir) ()= Cli() (0)] = |Gpiv11) () =Gi-1()(0)] = |Ls(G"H(2)) -G ()],
and the second part of (iv) follows. O

Lemma 7.4. Suppose o € (0,1] and x € INQ. There exists Cy, > 0 such that for allv € M(I,G)
and ¢ € CO(I),

(1,6) < max{{1, 8) : j1 € My} + Calla, 1 (v d(-, O@))"). (7.2)
Proof. Denote p := card O(z). Suppose v € M(I,G) and ¢ € C%*(I). Define
= max{ (1, 6) : pr € My} (73

If p=1 then z = 0, O(z) = {0}, and holds with C, = 1 because
(v,0) < (1, 8(0) + [8]ad(-, 0)*) = (J0, 6) + [9la(v,d(-, O(x))").

If p > 2, then by the ergodic decomposmon theorem and the fact that M, (I,G) is dense in
M(I,G) (see Lemma, it suffices to prove for every ergodic measure v € M (I, G). Fixing
an arbitrary ergodic v € M, (I, G), the Birkhoff ergodic theorem implies that there exists a € I
with

<V7¢>:kggloo%5k¢( w)  and (7.4)
(v,d(-,O(x))") = lim de (G¥(w),O(x))". (7.5)

k—+o0o k
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Claim. There exists C; > 0 and a transport sequence y = {y;};/°°; with entries from (5(30)
satisfying

=
lim sup i) < and 7.6
|G (w) — yi| < C;/ad(Gl(w), O(z)) for all i € Ny. (7.7)
Note that a consequence of this claim is, by @ ﬁ (7.6), and (7.5)), that
k—1
(v.¢)= lim o ;MG’( < limsup Z (i) + 8]a|G*(w) — 4i|*)
1 k—1 k _
< limsup — Z¢ vi) + hm ZC |¢lad (G (w), O(x))"
k—4o00 —0

<n+ Cx‘¢‘a<ya ('7 O(x))a>7
so the required inequality (|7.2]) will hold, and the lemma will follow.
Proof of Claim. Define

§ = A(@(x)) /3, (7.8)
where A(@(x)) =min{|y —z|:y,z € O(z), y # z}.
Define
o/ +9) ifz=1,
T {min{|R5(x) — |, |Ls(z) — 2|} ifze(0,1)NQ. (7.9)
Define

Cp = *>1.
The sequence {y;};-°°, is constructed recursively as follows.

Base step. Define y_1 = 0.

Recursive step. For some t € Ny, assume that y_1, yo, ..., y:—1 are defined.
Case A. Assume that G*(w) € [0,¢€). Define y; :== 0. Then by (7.3) and (7.1)),
d(ye) = ¢(0) <. (7.10)
By (7.9) and (7.8, we have |GH(w) — | <e<0< (1/3)A(6(m)) and so
|Gt (w) — ye| = d(G!(w), O()). (7.11)
Case B. Assume that G*(w) € (1 —¢,1]. Define y; := 1 and y¢+1 = 0. Then by (7.3)) and (7.1,
(1/2)(¢(ye) + d(ye41)) = (1/2)(4(1) + ¢(0)) < 0. (7.12)
By (7.9) and (7.8), we have |G (w) —ye| < 3 < (1/3)A(O()) fori € {0, 1} and so for i € {0, 1},
|G (w) — yers| = d(GH(w), O(x)). (7.13)
Case C. Assume that G'(w) € (z — e,z + €) for some z € O(z) ~ {0, 1}. Suppose z =
[a1,...,ap—1] € Rp—1 and z = [ap—m,...,ap—1] € Ry, for some 0 < m < p — 2. Let us write
a=(ay,...,ap—2,ap—1) and b == (ay,...,ap— g,ap 1—1,1).

Subcase (i). Assume that m is odd. By (7.9) and Lemma [7.3] (i)(iv), we have (z — €,z 4+ €) C

(Rs(2), Ls(2))-
If Gt(w) € (Rs(2), 2], we define y;4; == G*(2) for all 0 < i < m. Then by (7.3)) and (7.1)),

(m+ 1) Smy16(ye) = (gr—m—1(a), §) < 1. (7.14)
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By (7.9)), (7.8]), and Lemma (ii), we see that for 0 < i <
|Gt+i(w) - yt+i’ = d(GtH(w)v (5(55)) (7.15)
When G'(w) € (z,Ls(z)), we define y;1; == G¥(2) for all 0 < i < m — 1, and y40, = 1, and

Yt+m+1 = 0. Then by (7.3] . and .,

(m+2)" Sy20(ye) = (Hor-m—1(b), B) <1 (7.16)

By (7.9), (7.8), and Lemma (ii), we get for 0 < i < m + 1 that
|G (w) — yosi| = d(GH (w), 6(.9;)). (7.17)
Subcase (it). Assume that m is even. Using (7.9) and Lemmal|7.3|(i)(iv), we see that (z2—¢, z+€) C

(Ls(2), Rs(2)). .
When Gt (w) € [z, Rs(2)), we define y;4; == G*(2) for all 0 < i < m. Then by (7.3) and (7.1,

(m+ 1) Smy16(ye) = (or—m—1(a), ) < 1. (7.18)
By (7.9), (7.8)), and Lemma (iil), we get that for 0 < i < m,
|G (w) — yops| = (G (w), O(x)). (7.19)

When G'(w) € (Ls(2),2), we define y;y; == G¥(z) for all 0 < i < m — 1 and gy = 1, and

Yt+m+1 = 0. Then by (7.3) and (7.1)),

(m +2)" S20(ye) = (tgp-—m-1(1),9) <71 (7.20)
By 7 , and Lemma (iii), we get for 0 <i < m+1,
|Gt+i(w) — yt+i‘ = d(GHi(w), (5(w)) (7.21)
Case D. Assume that d(G!(w),O) > e. Define y; := 0. Then by (7.3) and .,
d(ye) = ¢(0) <. (7.22)
By the definition of C, and , we get
|GH(w) — 5| < CL% < CYd(GH(w), O(x)). (7 23)

The recursive step is now complete and combining ((7.10), (7.12)), (7.14]), (7.16]), 7 18 and
gives . Combining (7.11)), (7.13)), (7.15)), (7. 17 7. 19 721 and ([7.23) grves ,
O

thereby completing the proof of the claim.

Lemma 7.5. Suppose x € INQ and a € (0,1]. Then </r,d(-,(5(x))a> >0 for all p € M(I,G) ~
conv(My).

Proof. By Theorem and the ergodic decomposition theorem, it suffices to show that

{p,d(-,0(x))") >0 (7.24)
for all measures p that either are ergodic and in M;, (I, G), or are FCF measures not contained in
M.

Assuming that p € M, (I,G) is ergodic, if 1' were false, then <,u,d(-,(’)(a:))a> = 0 would
give supp p C O(x), which contradicts the fact that p(I ~ Q) = 1.

If, on the other hand, a € N* and y = pa is an FCF measure not contained in M,, then

g(a) ¢ O(z), since otherwise a is equal to the continued fraction expansion of some point in O(z),

contradicting the definition of M. So supp pa is not contained in 6(@‘), so we get <u, d(-, 6(:L‘))a> >
0, and the result follows. O

With the preceding lemmas in hand, we can now prove Theorem [1.4]
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Proof of Theorem [I.4l Fix arbitrary ¢ € R*(G) and real numbers s > 0 and ¢t > 0.

When 0 € Mupax(T, ¢), denote z := 0. When dp ¢ Mmax(T, ¢), let n be the smallest integer such
that there exists a € N" with ua € M} (G, ¢), and choose a = (a1, az,...,a,) € N” satisfying
ta € M (G, ), denote x := [aq,...,a,] and b := f(a).

Case A. Assume that a € A,, or g € Mpax(T, ¢). Define

O, = ¢ — sd(-,0(x))”. (7.25)
By (7.25)), we have Q(G, ¢) > Q(G, ®s). Combining this with the fact that (ua, Ps) = (ta, ®) =
Q(G, ¢), we obtain Q(G, ¢) < Q(G, Ps) and py € M}, (G, Ps). By the choice of n, we get

max
(a; 9) > (v, @),
for each v € My N {pa, pb, Hom)}- Since 1 & O(z), 1 € Op, and 1 € Oy, (see Remark |5.2)), we
get (pa, Ps) = (tta, @) = (b, @) > (b, Ps) and (pa, @5) = (ta, ®) = (Hob), @) > (Ho(b), Ps), and so
(Ha, Ps) > (v, s),
for each v € M, \ {pa}. So we can define
0s = (lta, Ps) — max{(va, Ps) : v € Mgy~ {pa}} > 0. (7.26)

Define _ _
Py =P, —td(-,O(2))" = ¢ — sd(-, O(x))* — td(-, O(z)).

Then for each v € M(I,G) ~ conv(M,), when ||, < t/Cy (where Cy > 0 is the constant from
Lemma , by Lemmas and
(v, @15+ 1) = (v, @5) + (1,0) = (v, td(, O())")

< urg%w, ®,) + Mrg%w,w) + (Calt]a — ) (v, d(-, O(2))") < Hrg%w, By s+ ).

For each v € My ~ {pa}, when |[¢|lo < 0s/4, by (7.26]),
<V7 (I)t,s + ¢> = <Va (I)s> + <,U/a71/}> - <Na’¢> + <V7 7/}>
< (pa; Ps) — (1/2)ds + (pa, V) + 2[|¥]loo < (tta, Prs + ).
So by Theorem M (G, @ s + ) = {pa} when [|¢|q < min{t/C,, §5/4}, and consequently,
o, s € RY(G) N Lockp™(G).
Case B. Assume that a € B,,. Then a,, = 1. By the choice of n, we get
<:U’a7 ¢> > <V7 ¢>

for each v € My \ {pa}. So we can define

§ = (pa, ) —max{(v,¢) : v € My~ {pa}t} > 0. (7.27)
For each t > 0, define N

¢ = ¢ —td(-,O(x))".
Then for each v € M(I,G) \ conv(M,), when ||, < t/Cy, by Lemmas |7.4| and
<V7 ¢t + ¢> = <V7 ¢> =+ <V7 ¢> - <V7 td(? 6(x))a>

< y%i‘i‘f“’ o) + H@%w, D)+ (Coltp]a — t){v,d (-, O(2))") < pg%m, b+ ).

For each v € conv(M;) \ {pa}, when [¢[|o < §/4, by (7.27),
<V7¢t -H/)) = <l/>¢t> + <Maﬂ/}> - </’La7d)> + <V,¢>
< (pta; @) = (1/2)0 + (pra, ¥) + 2[|¢ o0 < (pas d1 + ¥).

So by Theorem [L.1, M}, (G, ¢ + ¢) = {pa} when |[¢||a < min{t/C,, §/4}, and consequently,
o1 € RY(G) N Lockp™(G).
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From the preceding two cases we deduce that R*(G) N Lockyp®(G) is dense in R*(G).
It follows immediately from the definition that Lockg®(G) NR¥(G) is open in C%(I). Therefore
the theorem is proved. O

7.2. A counterexample to TPO for Hélder continuous potentials.

Example 7.6. For a € (0,1], let ¢ € C%(I) satisfy ¢(0) = —1, ¢(1) = 1, #(1/3) = ¢(3/4) = —
and be affine on each of the intervals [0,1/3], [1/3,3/4], [3/4, 1]. More precisely, ¢ is given by

3r—1 if0<a<1/3,
o(z) = =2 if 1/3 <z < 3/4,
122 — 11 if3/4<x< 1.

We claim that Q(G,¢) =0, ¢ € RY(G), and ¢ ¢ E(G).

Using that (1/2)(¢(0) + ¢(1)) = 0, and that (1/2)(d9 + 1) € M(I,G) (see Lemma , we see
that Q(G, ¢) > 0.

Fix m € Nand z = [a1,...,an,...] € En. We will recursively construct a sequence {xj}ren in
O(z) and a sequence {ny}ren in {1, 2}.

Base step. If a1 > 2 or both a; = 1 and a2 < 3 hold, define ny := 1. Then by the definition of ¢,
we have ¢(x1) < —1.

If ap =1 and 3 < as < m, define ny := 2. Then by the definition of ¢,

Sad(ar) = (1/2)(d(21) + b(a2)) < (L/2)(S([L,m + 1)) + B(1/(m +2))
B 12(m +1) 3 B 15
= <1/2>(<m+2>—“—m+2‘1> = T 3mt2)

Recursive step. Assume that for some ¢ € N, {z;}i_; and {ni}!_, are defined. Denote N; :=
i1 i

If an,+1 = 2 or both an,+1 = 1 and an,+2 < 3 hold, define ny11 := 1. Then by the definition of
¢, we have ¢(zn,4+1) < —1.

If an,+1 =1 and 3 < an,4+2 < m, define ny4q := 2. Then by the definition of ¢,

Sad(wn,+1) = (1/2)(@(2n, 1) + ¢(2n12)) < (1/2)(0([1,m + 1]) + ¢(1/(m + 2)))

12 1 3 15
= (1/2)<M S 1) SR
(m+2) m+ 2 2(m +2)
Denote Ny = Zf_l ng. Hence, we get
1 15
. 1 < 15
iy o 5,0(e) < msup S (e) < ma{ -1,

Combining this with [JeI9, Proposition 2.2| gives @, (G, ¢) < max{—1, m+2)} Letting m tend
to infinity, from Proposition (ii) we see that Q(G,¢) < 0. Consequently we conclude that
Q(G,¢) =0 and Q(G,¢) > Qm(G, ¢) for all m € N. So ¢ € R®(G) but ¢ ¢ €*(G).

By using methods similar to the proof of Theorem [I.4] we can prove that

O =c¢—d(-{0,1})* =¢— (1/2 — |z — 1/2])* € R*(G) N Lockp®(G).

More precisely, let C7 be the constant from Lemma by Case B in the proof of Theorem
we conclude that M} (G, ® +¢) = M (G, D) = {(1/2)(dp + 1)} when [|¥]o < min{c%, 1t
In particular, this implies that the Gauss map G does not enjoy the typical periodic optimization
property in the space C%(I).

Recall E,, from Subsection For the set 3%(G) (cf. Definition [7.1)), we have the following:
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Proposition 7.7. Suppose o € (0,1] and ¢ € 3*(G). There exists u € Mmax(G, @) satisfying
1(Q) =0, 0 € supp p, and supp u N Epp, =0 for all m € N.

Proof. Since M(I,G) is weak* compact, M5 (G, ¢) # 0. Fix p € M}, (G, $). From the fact

that p ¢ R*(I), and Theorem we get € M (I, G) and consequently p(Q) = 0. From the
fact that ¢ ¢ ¢%(I) and Lemma [7.8) we get 0 € supp y and supp N Ey, = () for all m € N, d

7.3. TPO for essentially compact potentials. The goal of this subsection is to prove that the
set €%(G) is contained in the closure of Z%(G).

Theorem 1.3 (TPO for essentially compact potentials). For a € (0,1], the set Lock®(G)
contains an open dense subset of €*(G) (in the a-Hélder topology).

Recall the maximizing set defined in Definition [6.8] To prove Theorem [I.3] we first require:
Lemma 7.8. Suppose a € (0,1] and ¢ € CO*(I). The following are equivalent:

(i) ¢ € €(G).
(ii) There exists pp € Mmax(G, ¢) with supp p C E,,, for some m € N.
(iii) K(¢) N X, # 0 for some m € N.

Proof. (i) = (ii): Assume that ¢ € €*(G). Then there exists m € N with Q(G, ¢) = Qm(G, ¢)
by Definition Since G|g,, is continuous, and E,, is compact (see Lemma , there exists
u € Mmax(GlE,,, ?|lE,,) # 0. Since p can be seen as a measure in M(I,G), we obtain that
€ Mmax(G, @) satisfies supp pu C F,.

(ii) = (iii): Assume that there exists u € Mpax(G, ¢) satisfying supp p C E,, for some m € N.
By Proposition (ii), there exists v € Mpax (027 qﬁoﬁ) with 7. (v) = p. Since 7(supp v) = supp p
(see e.g. [Ak93, p. 156]), T (En) = B, and suppu C E,,, we see that suppr C %,,. By
Lemma (iv), suppv C K(¢).

(i) = (i): Assume that K(¢) N3, # 0 for some m € N. Since o(K(¢)) C K(¢), o(E) C
Ym, and both K(¢) and ¥, are compact, there exists v € M(i\],U") with suppr C ¥,,. By
Lemma (iv), we see that v € Mpax (Ui, ¢ o %) By Proposition (ii), Te(v) € Mmax(G, ¢).
Combining this with the fact that supp7.(v) C E,, (see e.g. [Ak93, p. 156]), we obtain that
¢ € E€%(@), as required. O

Notation 7.9. For a compact metric space (X,d), amap T: X — X, and a periodic orbit O of T,
the corresponding gap is defined as

A(0O) = AYO) := min{d(z,y) : x, y € O, = # y}, (7.28)
with the convention that min () = +o00. For r, § > 0, define the (r,0)-gap of O by
A 9(0) = AL 4(O) == min{r, 0 - A(O)}. (7.29)

We will need the following closing lemma, which was first introduced in [HLMXZ25]|.

Lemma 7.10. Let G be the Gauss map, d the Fuclidean metric on I, o« € (0,1], and m € N. Let
KC be a nonempty compact subset of E,, with G(K) C K. Forr >0, 6 >0, and T > 0, there exists
a periodic orbit O C E,, of G with

D d(@, K)* <7 (A p(0)).
zeO

Proof. By Lemma G|g,, is open, Lipschitz, and distance-expanding, so the result is immediate
from [HLMXZ25, Proposition 2.1]. O



34 YINYING HUANG, OLIVER JENKINSON, AND ZHIQIANG LI

Proof of Theorem [1.3l By Proposition it suffices to prove that €*(G) is contained in the
closure of 2%(Q).
For each periodic orbit O of G, define the measure uo by

1
o '=—> ;9550 e M(I,Q). (7.30)

Fix ¢ € €%(G) with no ¢-maximizing measure in Mpax(G, ¢) supported on a periodic orbit of
G. Let uy € C%*(I) be the calibrated sub-action for ¢ and G (i.e., a fixed point of L3) from
Proposition Define

(Z::(b—Q(G, ®)+up —ug oG, (7.31)
where Q(G, ¢) is defined in (1.2). Then by Theorem
p(x) <0 forallz el (7.32)

By Lemma [7.8] there exists p € Mupax(G, ¢) and m € N satisfying suppu C E,,. Let n,, > 0

and A, > 1 be the constants defined in Lemma 7/ and denote K := supp p. Since ¢ is continuous
on K (note that £ C E,,, C I~ Q), by (7.32) we obtam that

ol = 0. (7.33)
Without loss of generality, assume that K contains no periodic orbits of G. Recall (cf. (3.15])) that
the closed n,,-neighbourhood of E,, is denoted by

F,, = B;" (Em) ={z €l :d(z,Ey,) <nm} (7.34)
Now ¢, us € C%*(I) (see Proposition 6.6} . ii)), and G]Fm is Lipschitz (see Lemma [3.27| (ii)), with
Lipschitz constant |G|vip, F,, = |G|1, F,,, S0 using we see that ¢|p, € CO(F, ) Let us write

Ly = ~a o (7.35)
Fix € € (0,1), and define constants
Ly = |G|uip, F,, s (7.36)
T = N, (7.37)
0 :=min{1/3, 1/(3L2)}, (7.38)
L1 +1
L3 = > 0, 7.39
2= s (7.39)
7i=mind 1, — € <1 (7.40)
o "2Ly (1+ Lge W)Ly f =7 '
By Lemma [7.10] there exists a periodic orbit O C E,, of G, of period p := card O, satisfying
>, K)* <7 (A 5(0))" (7.41)
z€O
Define functions
¢ = ¢ —Q(G,¢) — ed(-,0)* € C¥*(I) and (7.42)
)= ¢ —ed(-,0)* = ¢ — Q(G, ) + uy — ug 0 G. (7.43)
By (7-42), (743), and Lemma
Q(Ga ¢/) = Q(Ga ¢) and MmaX(Gy ¢,) = MmaX(G, d}) (744)

Claim. The measure po (cf. (7.30))) belongs to MmaX(G V), i.e., Q(G,1) =, where

7—/wduo— Zw Zqﬁ (7.45)

xEO 26(9
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Note that the equality %Zme(’) P(x) = %Z%O ¢(x) in (7.45) follows from (7.43), whereas the

inequality in follows from and the assumption that ¢ ¢ 2%(G).
Note that if the claim holds then gives that ¢/ € (@), and since € can be chosen
arbitrarily small we see that ¢ belongs to the closure of 2%(G) in C%%(I), which is the required
conclusion of Theorem
So to prove Theorem 1.3]it suffices to establish the claim. From the definitions of v (cf. (7.45)) and
Q(G, ) (cf. we see that Q(G, 1) = 7, so it remains to show that Q(G,v) = Q(G,¢') < 7.

By Proposition (ii), we only need to prove that for all z € I \ Q,

N N
lim inf ﬁSntb’(m) = lﬁg}r&f gsn@b(x) < (7.46)

n—-+00
where the first identity follows from , , and the fact that ug is bounded (see Proposi-
tion (1)).
Fix z € I~ Q. In the remainder of this proof, we will divide the orbit of z into segments such that
the average on each segment is less than v, i.e., we will recursively construct a sequence {xy }ren in
O(z) and a sequence {ny}ren in N satisfying z1 = G™ (z1) and Sy, ¥ (zr) < ngy.

We first observe that by (7.45), (7.32)), (7.33) (7.35)), and (7.41)),

plyl =Y |é(@) = 0| < 3 Lid(x, K)* < Ly - (Ar(0))". (7.47)
zeO zeO
By ([7.47), (7-40), and (7.29),
p =€ VgV < (Lim/e) VA, 9(O) < A p(O) < 7 (7.48)

Let us denote U = B5(O) = {z € I : d(x, ©) < p} (cf. Section .
Base step. Define 1 := x.

Recursive step. Assume that for some ¢t € N, {zx}i_, and {ng},_} are defined. We now divide
our discussion into three cases, the third of which requires some delicate analysis.

Case A. Assume z; € O. Then define n; := p and x441 = G"(xy) = x;. Thus, by (7.45) and
(7.43), we have

Sn () = . (7.49)

Case B. Assume z; ¢ U. Then define n; := 1 and x4 = G(z¢), so that combining (7.43)), (7.32),
and ([7.48) gives

Snb(xy) = () = play) — ed(ay, 0)® < —ed(zy, O)* < —ep™ = 7. (7.50)

Case C. Assume x; € UN O, then 0 < d(z¢, O) < p. By (7.48)), (7.29)), and (7.38), p < A, 9(O) <
%A((’)). So by 1} there is a unique point y € O which is closest to x; among points in the

periodic orbit O. By (7.29) and (7.48)), |z —y| < p < A g(O) < 7.
Let N € N be the smallest positive integer satisfying

GY (@) = GV (y)] > Arp(0O). (7.51)

Such a positive integer always exists; otherwise, we have |G (z) — G™(y)| < Ay p(O) < 1 = 1y, for
all m € N by (7.29) and (7.37). Then for each m € N, by Lemma (i), G™(z¢) and G™(y) are

contained in the same interval (1/(I 4 1),1/l) for some | € N. So z; and y have the same continued
fraction digits, and consequently x; = y € O, contradicting the assumption that x; ¢ O.
From the definition of N, together with (7.29)) and (7.38]), we see that for each 0 < j < N — 1,

d(G (1), 0) < |G (21) = G (y)] < A,0(0) < AO)/3. (7.52)
By, 7and ,foreachogjgN—l,
|Gj(:nt) - Gj(y)| <A 9(0) <7 =10 (7.53)
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So by ([7.53), the fact that O C E,,, and (7.34), we have that G’ (z;) € F,, for each 0 < j < N — 1.
Therefore, by (7.52), (7.53), and Lemma (iii), for each 0 < 7 < N — 1,

d(G (1), 0) = |G/ () — GV (y)| = M|z — yl. (7.54)

By (7.36), (7-52), (7-29), and (7.35),

|GN(21) — GN(y)| < La|GN 7 ay) — GV Hy)| < Lo, 9(0) < Le0A(0) < A(O)/3. (7.55)

Let ny := N 4+ 1 and x411 = G™(x;). We now aim to show that Sy, (x;) < nyy.
Let n € N be the smallest positive integer satisfying

|G (2¢) = G"(y)] > p- (7.56)

Such an integer n exists and satisfies 1 < n < N since |z; —y| < p < A, 9(O) (see (7.48)), and by
definition of V. Moreover, we have

|G Ha) = G Hy)| < p. (7.57)
We will separately estimate two parts of the sum
Sne(Y = ) (@) = Sn(v — ¥) (@) + Spy—n(y = ¥)(G"(w)) = L+ 1I. (7.58)

For each j € N with n < j < N, by (7.54)), (7.56), and the fact that A,, > 1 (see Lemma [3.27)), we
have

d(G (1), 0) = |G (21) — G (y)| = N "G () — G (y)| > p.

Thus G7(z;) ¢ U, and by , v — (G (x¢)) > 0 for each n < j < N. Hence by , ,
(7.55)), , we have

v —p(GN(x) = v — ¢(GN (a)) + ed(GN (wy), 0)"
v+ €|GN (@) = GN ()| = 7+ e(Arg(0))™.

To estimate I, we write
I=(ny = Sn¥(y) + (Sntb(y) — Snip(zy)) = HI+1V (7.59)
and will bound each of the parts III and IV below.

We write n = pg +r for ¢, r € No with 0 < 7 < p — 1. Then by (7.43), (7.32), and (7.47), we
have S, ¥ (y) < Sno(y) = Sped(y) + Sré(y) < pgy. Thus, considering v < 0 (see (7.47))), we obtain

MIzry>(p—1)y.
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Next, by (7.43]), (7.54)), (7.35)), Lemma (iii), (7.57), and (7.48]), we have

V| < ZW (GI(x)) — (G2 (y))]
7=0

n—1

M

(|6(G7(2)) = 6(G7 ()| + ed(G7 (1), 0)7)

3 .
Il
- o

I
M

(|6(G7(x0)) = (G (W) | + €| G () = G ()| ")

I <.
|l
- O

M

(L1 +¢) ‘G] xy) Gj(y)‘a

3 .
!
- O

M

(L1 + A" |G @) - 6" H(y)|°

I
- o

3 .

(L1+€))\ (n—1— ])apa

o

.

<pM(L1+6)/(1 =A%)
e (L +1)/(1 =A%)
=€ '|y|Ls.

Combining the above estimates for II, III, and IV, we obtain from (7.58)), (7.59), (7.47), (7.40)
the final estimate

R

nyy — Sy, (y) = I+ I+ 1V

>y +e(Ar,0(0)* = (p— V| = Lae™ |

> €(Ar,0(0)* = (1+ Lze )ply/| (7.60)
> (6 - (1 + L3671)L1T) (A 0(0))”
=0

Denote Nj, = Zle n;. Combining 7.49, 7.50 , and 7.60 now gives

lim inf — Snw( < liminf — Z Sp(x;) < liminf — Z n;y = 1.

n—+oo N k——+o0o NN, k—s+o00 N|

Therefore, since z € I . QQ was arbitrary, Proposition (ii), and ([7.46) give Q(G,v) < =, thereby
completing the proof of the claim. O

APPENDIX A. PERIODIC LOCKING PROPERTY

In this appendix we prove the periodic locking property for the Gauss map. The proof of
Lemma and Proposition is similar to [BZ15].

Lemma A.1. Let G: I — I be the Gauss map. Let p € M(I,G) be a measure supported on a
periodic orbit O. Then there exists a constant C, > 1 such that for allv € M(I,G) and ¢ € C**(I),

(v, 0) < {1, @) + Culglalv, d(-, O)%). (A1)
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Proof. We will write p := card O throughout this proof. If p =1, i.e., if O consists of a single point
T, then for every v € M(I,G) and ¢ € C*(I),

(v, 0) < d(x0) + Cullalv, d(-, 20)).

So (A1) holds with C), = 1.
From now on assume that p > 2. Clearly, ONQ = (). Let

d=min{|lz —y|:2z,y€ O, x #y}

be the corresponding gap, i.e., the smallest distance between distinct points in O. Fix an arbitrary
y € O. Since G is continuous at each irrational number, there exists ¢, > 0 such that |G’($) —

Gi(y)| < 5 for all z € (y — €y,y +€,) and 0 < 4 — 1. Moreover, since O is a finite set, there

exists € = m%l ey such that if x € I, y € O, and d(a: y) < €, then |Gi(z) — Gi(y)| < g for all
ye

0<ei<p—1.

Deﬁne C,, = 1/e. We aim to check that the inequality is satisfied for every v € M(I,G).
It is sufficient to consider ergodic v; the general case will follow using ergodic decomposition.

Fix x € I and ¢ € C%%(I) such that the Birkhoff averages of the continuous function ¢ along the
orbit of x converge to [;¢du. We will inductively define a transport sequence {y;}i>—1 in O. As
an auxiliary device for the definition of the sequence, each integer ¢ > —1 will be labelled as good
or bad. The definition is as follows: the point y_; € O is chosen arbitrarily, and the time —1 is
labelled bad. As inductive hypothesis let us suppose that y_1, yo, - - , y; are already defined and
that the times —1, --- , ¢ are already labelled. Then

(a) If d(G"(z),0) < € then each time j € {i+1,i+1, .-+, i+ p} is labelled good, and y; is
defined as the unique point in O that is closest to G’ (z). Note that Yj = G777 (y;), and in
particular each point of O appears exactly once in the sequence y;i1, ¥it2, -+, Yitps

(b) If d(G""!(z),0) > € then the time i + 1 is labelled bad, and we define y;11 as G(yj), where
k is the largest bad time less than or equal to .

This completes the definition of the transport sequence. Notice that lirf % Z?:_ol (yi) = (i, P).
n—-+00

On the other hand for all i > 0, the distance d(G*(z), O) is equal to ‘GZ(JI) - yz‘ if ¢ is a good time,
and otherwise is at least e. In either case we have

‘Gl(x) — yi| < C“d(Gi(x), O).
Using these properties we obtain, for every ¢ € C%%(I),

n—1

z 1 3 «
(v, 0) = nggloonZM <nﬂrfoon§< () + 1¢la| G (2) = i|*)
n—1
. 1 7 (¢4 e
< ngr—ﬁl-loo ﬁ Z((b(yl) + CM’(b‘ad(G (x)a O) ) = <l’L7 ¢> + CM‘¢|O¢<V7 d(a O) >
i=0
The inequality (A.1)) follows. 0

Proposition A.2 (Locking property for periodic orbits). The set Lock®(G) is an open dense
subset of 22%(QG).

Proof. By definition, the set Lock®(I) is open and contained in #“(@G), so we only need to prove
that it is dense.

Let ¢ € (1), and suppose i € Muax(G, ¢) is supported on a periodic orbit O. For each ¢ > 0,
consider ¢; = ¢ — td(-, ©)*. The functions ¢; belong to the Banach space C%%(I), and converge to
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¢ as t — 0. Moreover, for any ¢ € C%*(I) and v € M(I,G), by Lemmawe obtain
<V7 ¢t + ¢> < <V7 ¢> + <V7 ¢> - t(”u d(70)a> < <M7¢> =+ <M7¢> + (CuWJ’a - t)<1/7 d(7 O)Oé>
= </’L7 ¢t + ¢> + (CM’w‘OZ - t)<1/7 d(7 O)a>

Therefore, if [1)|o < t/C, then p is the unique maximizing measure for ¢; + 1. This shows that
¢¢ € Lock®(G) for each t > 0. So ¢ belongs to the closure of Lock®(G). Hence we conclude that

Lock®(G) is dense in 22(G) N C%(I). O
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